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PREFACE 


This book contains one hundred highly rated problems used in the train- 
ing and testing of the USA International Mathematical Olympiad (IMO) 
team. It is not a collection of one hundred very difficult, impenetrable 
questions. Instead, the book gradually builds students’ algebraic skills 
and techniques. This work aims to broaden students’ view of mathemat- 
ics and better prepare them for possible participation in various mathe- 
matical competitions. It provides in-depth enrichment in important areas 
of algebra by reorganizing and enhancing students’ problem-solving tac- 
tics and strategies. The book further stimulates students’ interest for 
future study of mathematics. 


INTRODUCTION 


In the United States of America, the selection process leading to par- 
ticipation in the International Mathematical Olympiad (IMO) consists 
of a series of national contests called the American Mathematics Con- 
test 10 (AMC 10), the American Mathematics Contest 12 (AMC 12), 
the American Invitational Mathematics Examination(AIME), and the 
United States of America Mathematical Olympiad (USAMO). Partici- 
pation in the AIME and the USAMO is by invitation only, based on 
performance in the preceding exams of the sequence. The Mathemati- 
cal Olympiad Summer Program (MOSP) is a four-week, intense train- 
ing of 24-30 very promising students who have risen to the top of the 
American Mathematics Competitions. The six students representing the 
United States of America in the IMO are selected on the basis of their 
USAMO scores and further IMO-type testing that takes place during 
MOSP. Throughout MOSP, full days of classes and extensive problem 
sets give students thorough preparation in several important areas of 
mathematics. These topics include combinatorial arguments and identi- 
ties, generating functions, graph theory, recursive relations, telescoping 
sums and products, probability, number theory, polynomials, theory of 
equations, complex numbers in geometry, algorithmic proofs, combinato- 
rial and advanced geometry, functional equations and classical inequali- 
ties. 


Olympiad-style exams consist of several challenging essay problems. Cor- 
rect solutions often require deep analysis and careful argument. Olym- 
piad questions can seem impenetrable to the novice, yet most can be 
solved with elementary high school mathematics techniques, cleverly ap- 
plied. 


Here is some advice for students who attempt the problems that follow. 


e Take your time! Very few contestants can solve all the given prob- 
lems. 


e Try to make connections between problems. A very important 
theme of this work is: all important techniques and ideas featured 
in the book appear more than once! 


e Olympiad problems don’t “crack” immediately. Be patient. Try 
different approaches. Experiment with simple cases. In some cases, 
working backward from the desired result is helpful. 


e Even if you can solve a problem, do read the solutions. They may 
contain some ideas that did not occur in your solutions, and they 
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Introduction 


may discuss strategic and tactical approaches that can be used else- 
where. The formal solutions are also models of elegant presenta- 
tion that you should emulate, but they often obscure the torturous 
process of investigation, false starts, inspiration and attention to 
detail that led to them. When you read the solutions, try to re- 
construct the thinking that went into them. Ask yourself, “What 
were the key ideas?” “How can I apply these ideas further?" 


Go back to the original problem later, and see if you can solve it 
in a different way. Many of the problems have multiple solutions, 
but not all are outlined here. 


All terms in boldface are defined in the Glossary. Use the glossary 
and the reading list to further your mathematical education. 


Meaningful problem solving takes practice. Don't get discouraged 
if you have trouble at first. For additional practice, use the books 
on the reading list. 


ACKNOWLEDGEMENTS 
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tions. 
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tion part. We express our deepest appreciation to the original proposers 
of the problems. 


ABBREVIATIONS AND NOTATIONS 


Abbreviations 


AHSME 


AIME 


AMCIO 
АМС12 


ARML 
IMO 
USAMO 
MOSP 


Putnam 


American High School Mathematics 
Examination 
American Invitational Mathematics 
Examination 
American Mathematics Contest 10 
American Mathematics Contest 12, 
which replaces AHSME 
American Regional Mathematics League 
International Mathematical Olympiad 
United States of America Mathematical Olympiad 
Mathematical Olympiad Summer Program 
The William Lowell Putnam Mathematical 
Competition 


St. Petersburg St. Petersburg (Leningrad) Mathematical 


Olympiad 


Notations for Numerical Sets and Fields 


the set of integers 

the set of integers modulo n 

the set of positive integers 

the set of nonnegative integers 

the set of rational numbers 

the set of positive rational numbers 
the set of nonnegative rational numbers 
the set of n-tuples of rational numbers 
the set of real numbers 

the set of positive real numbers 

the set of nonnegative real numbers 
the set of n-tuples of real numbers 

the set of complex numbers 
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INTRODUCTORY PROBLEMS 


1. INTRODUCTORY PROBLEMS 


Problem 1 


Let a,b, and c be real and positive parameters. Solve the equation 


Ма + bzr+ /b+ cr + /c +az = /b—azrxr+ ус – bz + ya — cr. 


Problem 2 
Find the general term of the sequence defined by 20 = 3,21 = 4 and 


2 
for all n EN. 


Problem 3 

Let £1, £2,...,Zn be a sequence of integers such that 
Qj] S 2 dore 1:2: sm 
(ii) zi +29 +: +2, = 19; 

(iii) £? + z + + z2 = 99. 

Determine the minimum and maximum possible values of 


3 3 3 
Dar eg eet SI 


Problem 4 
The function f, defined by 


ax +b 


ШӘ s: 


where a, b,c, and d are nonzero real numbers, has the properties 


f(19) = 19, f(97)=97, and /(/(z)) = z, 


d 
for all values of z. except = 


Find the range of f. 


2 1. Introductory Problems 


Problem 5 
Prove that 


for all a > b > 0. 


Problem 6 


Several (at least two) nonzero numbers are written on a board. One may 


erase any two numbers, say a and b, and then write the numbers a + 2 


and b — 5 Instead. 


Prove that the set of numbers on the board, after any number of the 
preceding operations, cannot coincide with the initial set. 


Problem 7 
The polynomial 


==? 3 +::: +218 — gl 
may be written in the form 
ao tary + ау? +--+ + aisy? + алту!", 


where y = z + 1 and а;ѕ are constants. 
Find a5. 


Problem 8 
Let a,b, and c be distinct nonzero real numbers such that 
1 1 1 
a+-=5+-=c+-. 
b % a 
Prove that |abc| = 1. 


Problem 9 
Find polynomials f(x), g(x), and A(z), if they exist, such that for all z, 
—] if z < —1 


|f/(z)| — |lg(z)| + h(z) = < 3z 42 if—1 < z < 0 
—27+2 iHr>O. 


1. Introductory Problems 


Problem 10 
Find all real numbers z for which 
BAD 7 
127 +187 6 
Problem 11 


Find the least positive integer m such that 


ri 
(a) 
<m 
n 
for all positive integers n. 


Problem 12 
Let a,b,c,d, and e be positive integers such that 


abcde =a +b+c+d+e. 


Find the maximum possible value of max{a, b, c, d, e). 


Problem 13 
Evaluate 
3 4 2001 
= fe == =u = кіл x некен 
1!+2!+3! 2!43!4+4! 1999! + 2000! + 2001! 
Problem 14 


Let x = уа? +a +1— уа? — a + 1, a € R. 


Find all possible values of z. 


Problem 15 
Find all real numbers z for which 


107 + 11^ + 12” = 13” + 14”. 


4 1. Introductory Problems 


Problem 16 
Let f : N x N — N be a function such that f(1,1) = 2, 


f(m + 1,n) = f(m,n) +m and f(m,n+1) = f(m,n) — п 


for all m,n EN. 
Find all pairs (p,q) such that f(p,q) = 2001. 


Problem 17 
Let f be a function defined on [0, 1] such that 


ҚО) = f(1) = 1 and |/(а) — f(b)| < |a — b|, 


for all a Z b in the interval [0, 1]. 
Prove that 


а) - FO) « 5. 


Problem 18 
Find all pairs of integers (x, у) such that 


z^ +y? = (z + y). 


Problem 19 

2 
Let f(x) = TET) for real numbers =. 
Evaluate 


1 2 2000 
ст "s e. 


Problem 20 
Prove that for n > 6 the equation 


has integer solutions. 


Problem 21 


Find all pairs of integers (a, b) such that the polynomial az!" + bx! +1 
is divisible by z? — z — 1. 


1. Introductory Problems 5 


Problem 22 


Given a positive integer n, let p(n) be the product of the non-zero digits 
of n. (If n has only one digit, then p(n) is equal to that digit.) Let 


S = p(1) + p(2) + --- + p(999). 
What is the largest prime factor of S? 


Problem 23 


Let x, be a sequence of nonzero real numbers such that 
In-2In-1 


Inne un —m 
29122 9 nel 


lor ne SA 
Establish necessary and sufficient conditions on 71 and х2 for т, to be 
an integer for infinitely many values of n. 


Problem 24 
Solve the equation 


r’ — 32 = Vr + 2. 


Problem 25 


For any sequence of real numbers A = (a1,a2,03,::-), define AA to be 
the sequence {az — a1, аз — a2, a4 — аз,...}. Suppose that all of the terms 
of the sequence A(AA) аге 1, and that a9 = 092 = 0. 


Find a}. 


Problem 26 
Find all real numbers z satisfying the equation 


27 +37 — 4“ +6” — 9“ = 1. 


Problem 27 
Prove that 
80 у 
16 < — < 17. 
Problem 28 


Determine the number of ordered pairs of integers (m, n) for which mn > 
0 and 
m? + n? + 99mn = 33°. 


6 1. Introductory Problems 


Problem 29 


Let a,b, and c be positive real numbers such that a + b + c < 4 and 
ab + bc + ca > 4. 


Prove that at least two of the inequalities 


la-b x2, |b-c|€2, |c-a| €2 


are true. 
Problem 30 
Evaluate 

y 1 

mum (n — k)!(n 4- k)! 
Problem 31 
Let 0 <a < 1. Solve 

qp eg 


for positive numbers z. 


Problem 32 
What is the coefficient of z? when 


(1+ 2)(1 + 2z)(1-F4x)--- (1-- 27z) 
is expanded? 


Problem 33 
Let m and n be distinct positive integers. 


Find the maximum value of |z"* — z"|, where z is a real number in the 
interval (0, 1). 


Problem 34 
Prove that the polynomial 
(z —ai)(z—2a2):-:(z— an) — 1, 


where a1,02,:::,0, are distinct integers, cannot be written as the prod- 
uct of two non-constant polynomials with integer coefficients, i.e., it is 
irreducible. 


1. Introductory Problems 


Problem 35 


Find all ordered pairs of real numbers (z, y) for which: 


Problem 36 


(1+z)1+2°)1+2°) = 14y’ 
and (1+y)(1+y*?)(l+y*) = 1+2". 


Solve the equation 


2(2* — 1)z2 + (27 — 9)z = 2+! _ 2 


for real numbers r. 


Problem 37 


Let a be an irrational number and let n be an integer greater than 1. 


Prove that 


(a+ уат)“ + (a- ат)" 


is an irrational number. 


Problem 38 


Solve the system of equations 


71- 12 + Хз = 792(74--25- 79 


=  Zal£5 + T1 — T3 


Та m= 25 H+ T] 75(72--23- 25 


МУ МУ МУ МУ — 
№ 
[ 
8 


( ( ) 
( ( ) 
(£3 — Z4 +25 4021 + T2 — 24) 
( ( ) 
( ( ) 


25 — 21 + X22 = 71(23--24-171 


for real numbers z1, 22, 73, 74, 25. 


Problem 39 


Let x,y, and z be complex numbers such that 


and 


Evaluate 


Tr + 7 + z = 2, 
g^ uut qz eg 
Py = 4. 


1 1 1 
тры ee ee қ 


8 1. Introductory Problems 


Problem 40 


Mr. Fat is going to pick three non-zero real numbers and Mr. Taf is going 
to arrange the three numbers as the coefficients of a quadratic equation 


22-4 r4 = 0. 


Mr. Fat wins the game if and only if the resulting equation has two 
distinct rational solutions. 


Who has a winning strategy? 


Problem 41 


Given that the real numbers a, b, c, d, and e satisfy simultaneously the 
relations 


a+b+ c+ d+ e = 8 and а? +b? + c? + d? + e? = 16, 


determine the maximum and the minimum value of a. 


Problem 42 
Find the real zeros of the polynomial 


P, (z) = (x? + 1)(z — 1)? — az?, 
where a is a given real number. 


Problem 43 
Prove that 


юрке 


for all positive integers т. 


Problem 44 
Let 
Р(х) = aox” + ах" l +... + аһ 
be a nonzero polynomial with integer coeflicients such that P(r) = 
P(s) = 0 for some integers r and s, with 0 < r < s. 
Prove that a, < —s for some k. 


Problem 45 
Let m be a given real number. 


Find all complex numbers z such that 


2 2 
= +{——| =m?+m 
r+1 x—1 | 


1. Introductory Problems 9 


Problem 46 


The sequence given by zo = a, 21 = b, and 


1 1 
In+1 = 2 nA : 


is periodic. 
Prove that ab = 1. 


Problem 47 
Let a,b,c, and d be real numbers such that 


(a? + b? — 1)(c? + d? — 1) > (ac + bd — 1). 


Prove that 
а? + b? > 1 and c? + d° > 1. 


Problem 48 


Find all complex numbers z such that 


(3z + 1)(4z + 1)(6z + 1)(12z + 1) = 2. 


Problem 49 
Let £1,%2,°'',£n-ı, be the zeros different from 1 of the polynomial 
P(x)-z"—1,n 22. 
Prove that 
1 g 1 me 
1—21 1-2 lea. 2 
Problem 50 


Let a and b be given real numbers. Solve the system of equations 


т — у\/х? — у? 


/1— r? +y? 


y- Ty T? — y? 
/1 — 22 +y? 


for real numbers z and y. 


= G, 


ADVANCED PROBLEMS 


2. ADVANCED PROBLEMS 


Problem 51 


Evaluate 
2000 4 2000 x 2000 с 2000 
2 5 8 2000 / ` 


Problem 52 
Let x, y, z be positive real numbers such that z* + y* + z^ = 1. 


Determine with proof the minimum value of 


42 " y3 | 29 
1-28 1—08 1-28 


Problem 53 
Find all real solutions to the equation 


27 4 37 4 6* = 12. 


Problem 54 


Let {an}n>ı be a sequence such that ал = 2 and 


An 1 
а DNE 


for all n € N. 
Find an explicit formula for an. 


Problem 55 
Let z, y, and z be positive real numbers. Prove that 
T y 
— + ee 
їх+у(=+0)(2+2) у+у(у+2)(у +2) 


тау) 


14 2. Advanced Problems 


Problem 56 


Find, with proof, all nonzero polynomials f(z) such that 


(2) + ff +1) = 0. 


Problem 57 

Let f : N — N be a function such that f(n + 1) > f(n) and 
f(f(n)) = 3n 

for all n. 


Evaluate f(2001). 


Problem 58 


Let F be the set of all polynomials f(x) with integers coefficients such 
that f(x) = 1 has at least one integer root. 


For each integer k > 1, find mk, the least integer greater than 1 for 
which there exists f € F such that the equation f(z) = mk has exactly 
k distinct integer roots. 


Problem 59 


Let 21 = 2 and 
dd = z2 — Tn + 1, 


for n > 1. 
Prove that 
1 : < - + 2 + + ES <1- : 
92^-! т X2 5 22" 
Problem 60 


Suppose that f : Rt — R* is a decreasing function such that for all 
x,y € RF, 


f(z + у) + f(f(z)+ f(y) = f(f(z + f(u)) + fly + f(z))). 


Prove that f(f(x)) = z. 


2. Advanced Problems 15 


Problem 61 
Find all functions f : Q — Q such that 


fa+y)+fle-y)=2f(e) + 2/(у) 


for all z, y € 0. 


Problem 62 
Let š < a < 1. 


Prove that the equation 
z2(z +1) = (z + a)(2z + a) 
has four distinct real solutions and find these solutions in explicit form. 


Problem 63 
Let a,b, and c be positive real numbers such that abc = 1. 


Prove that 
1 1 1 


Те es Ар 
ED T ble атаеы т 


Problem 64 


Find all functions f, defined on the set of ordered pairs of positive inte- 
gers, satisfying the following properties: 


(2,1) = z, f(z,y)=fly,z), (2--у)Ңт,у) = vf( xz + у). 


Problem 65 

Consider n complex numbers zk, such that |z,| < 1, k = 1,2,...,n. 

Prove that there exist eı,ea,...,e„n € {-1,1} such that, for any m < n, 
leı2ı + е222 +: + Emm | < 2. 

Problem 66 


Find a triple of rational numbers (a, b,c) such that 


V V2—1- Ya + Vb + Ye. 


16 2. Advanced Problems 


Problem 67 
Find the minimum of 


1 1 1 
log;, (2 = i) t log,, Е = i) ++ log,, (n = i) 


where 71,72,..., Т, are real numbers in the interval (3, 1). 
Problem 68 
Determine 22 + y? + 22 + w? if 
2 у2 22 ip? 
22 — 12 + 92 32 + 92 52 tZ E 
ж? y? 22 ij? 
p-r p-s уун 7 pop 
22 y? 52 2/2 
62—11 61—31 61—51 ten! 
42 y? 22 442 ú 
82 — 12 "аса kiy; 5772 = 


Problem 69 
Find all functions f : R — R such that 


f(zf(z) + /(у)) = (f) +y 
for all z,y € R. 


Problem 70 
The numbers 1000, 1001,---,2999 have been written on a board. 
Each time, one is allowed to erase two numbers, say, a and b, and replace 


them by the number 5 min(a, b). 


After 1999 such operations, one obtains exactly one number c on the 
board. Prove that c < 1. 


Problem 71 
Let a ,a@2,...,@, be real numbers, not ail zero. 


Prove that the equation 
Vl+t+ayrxt+Vlt+aqgrt+::-+Vlt+a,r=n 


has at most one nonzero real root. 


2. Advanced Problems 17 


Problem 72 
Let {an} be the sequence of real numbers defined by a; = t and 


An+ı = 4an(1 — an) 


for n > 1. 
For how many distinct values of t do we have ajg99g = 0? 


Problem 73 
(а) Do there exist functions f : R — R and д: R — R such that 
f(g(z) —z^ and g(f(x)) = 2° 
for all z € R? 
(b) Do there exist functions f : R —Q R and д: R — R such that 
/(0(х))=х ала g(f(2)) = z“ 


for all x € R? 


Problem 74 
Let 0 < ay < а ··· < an, 0 < bı € b2--- < bn be real numbers such that 


n n 
Q4 2 bi. 
ı=1 ı=1 


Suppose that there exists 1 < k < n such that b; € a; for 1 € i < k and 
b; > aj for i > k. 


Prove that 
G1G2 ·· ` GA > bibo: bn. 
Problem 75 
Given eight non-zero real numbers aj, @2,---,@g, prove that at least one 


of the following six numbers: ааз + азал, ал05 + а206, аат + aoasg, 
0305 + ад06, азат + Q4Qg, Q5Q7 + аваз is non-negative. 


Problem 76 
Let a, b and c be positive real numbers such that abc = 1. 
Prove that 


ab B bc n ca <1 
a9 +5 +ab b+o+b cS+as+ca ` 


18 2. Advanced Problems 


Problem 77 
Find all functions f : R — R such that the equality 


f(f(z) + y) = f(a? — у) + 4f(z)u 


holds for all pairs of real numbers (=, y). 


Problem 78 
Solve the system of equations: 
It — у 
TA a = 
rct3y — 
y т? J y? ЕЕ 


Problem 79 
Мг. Fat and Мг. Taf play а game with а polynomial of degree at least 4: 


т?" p qoe) pou c зарды webs. 


They fill in real numbers to empty spaces in turn. If the resulting poly- 
nomial has no real root, Mr. Fat wins; otherwise, Mr. Taf wins. 


If Mr. Fat goes first, who has a winning strategy? 


Problem 80 


Find all positive integers k for which the following statement is true: if 
F(z) is a polynomial with integer coefficients satisfying the condition 


O<F(c)<k for c=0,1,...,k + 1, 
then F(0) = F(1) = --- = F(k 1). 
Problem 81 
The Fibonacci sequence Ё» is given by 
Е = F, = 1, F,+ə2 = Еър + Е. (m € N). 
Prove that 


3 3 
Fonte + F2n-2 


т 22-4 


Fan 


for all n > 2. 
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Problem 82 


Find all functions u : R — R for which there exists a strictly monotonic 
function f : R — R such that 


fix +u) = f(z)u(u) + fly) 


for all z,y € R. 


Problem 83 
Let 21,22,...,2, be complex numbers such that 
E + 22] [ыз EN ETE 
Prove that there exists a subset 5 of { 21, 22,..., Zn} such that 
Dzs 
z€ S 6 
Problem 84 


A polynomial P(x) of degree n > 5 with integer coefficients and n distinct 
integer roots is given. 


Find all integer roots of P(P(x)) given that 0 is a root of Р(х). 


Problem 85 
Two real sequences 21, z2,..., and yi, Y2, ... , are defined in the following 
way: 
тү = у = V3, ты = z, + /1+z2, 
and 


Yn 
YUn+1ı = = 
l+ /l1+12 


for all n > 1. Prove that 2 < z4y4 < 3 for all n > 1. 


Problem 86 

For a polynomial P(x), define the difference of P(x) on the interval |а, b] 
(la, b), (a, b), (a, bJ) as P(b) Е P(a). 

Prove that it is possible to dissect the interval [0, 1] into a finite number 
of intervals and color them red and blue alternately such that, for every 
quadratic polynomial P(x), the total difference of P(x) on red intervals 
is equal to that of P(x) on blue intervals. 


What about cubic polynomials? 


20 2. Advanced Problems 


Problem 87 


Given a cubic equation 
oe шый 


Mr. Fat and Mr. Taf are playing the following game. In one move, Mr. 
Fat chooses a real number and Mr. Taf puts it in one of the empty spaces. 
After three moves the game is over. Mr. Fat wins the game if the final 
equation has three distinct integer roots. 


Who has a winning strategy? 


Problem 88 


Let n > 2 be an integer and let f : R? — R be a function such that for 
any regular n-gon А Аз... An, 


f(A1) + f(A2) +: + f(An) = 0. 


Prove that f is the zero function. 


Problem 89 


Let p be a prime number and let f(x) be a polynomial of degree d with 
integer coefficients such that: 


(i) f(0) —0,f(1) = 1; 


(ii) for every positive integer n, the remainder upon division of f(n) 
by p is either 0 or 1. 


Prove that d > p— 1. 


Problem 90 
Let n be a given positive integer. 
1 
Consider the sequence ao,a1,: Ga with ao = 5 and 
2 
Q1 


Gk = Gk—1 + ) 
n 


fork = 1,2,---,n. 

Prove that 
1 
n 
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Problem 91 


Let а,а2,...,а, be nonnegative real numbers, not all zero. 


a) Prove that x” — a,z"~! —... —an_1z — аһ = 0 has precisely one 
positive real root R. 


(b) Let A = 577 aj and B = 577. Ja. 


Prove that A4 < RB. 


Problem 92 


Prove that there exists a polynomial Р(т,у) with real coefficients such 
that P(x,y) > 0 for all real numbers z and y, which cannot be written 
as the sum of squares of polynomials with real coefficients. 


Problem 93 


For each positive integer n, show that there exists a positive integer k 
such that 
k = f(z)(z +1)" + g(z)(z” + 1) 


for some polynomials f,g with integer coefficients, and find the smallest 
such k as a function of n. 


Problem 94 


Let z be a positive real number. 


(a) Prove that 


(b) Prove that 
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Problem 95 
Let n > 3 be an integer, and let 


AS LS. o 


be a set of 3n? elements. 


Prove that one can find nine distinct numbers a,,b,,c, (1 = 1,2,3) in X 
such that the system 


ах + bi7 + c1Z 


ао + boy + coz 
a3x+b3y+c3z = 


has a solution (xo, yo, 20) in nonzero integers. 


Problem 96 


Let n > 3 be an integer and let 71,72,:::, х be positive real numbers. 


TL 
Suppose that 5. 
2-1 


= 1. 
L+ z; 


Prove that 


ук + у ++ Vin > (n 1) Í 


+—=+ + 


EL 
I 
— 
Ni С 


Probiem 97 

Let 71,22,..., 2, be distinct real numbers. Define the polynomials 
P(x) = (z — zi)(z — £2) -': (£ — Tn) 

and 


Q(z) = P) Í Edu s s. ) 


І-1 21-72% rp. 


Let y1,92,..., Un-1 be the roots of Q. Show that 


min |2; — 231 < mini — vjl. 
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Problem 98 


Show that for any positive integer n, the polynomial 
f(z) = (22 +2)" +1 


cannot be written as the product of two non-constant polynomials with 
integer coefficients. 


Problem 99 
Let fi, fo, f3 : R — R be functions such that 


aif; + а јо + азіз 


is monotonic for all aı,a2,az € R. 


Prove that there exist c1, c2, c3 € К, not all zero, such that 
cifi(z) + e2f2(x) + сз/з(ж) = 0 


for all z € R. 


Problem 100 


Let 71,72,...,7, be variables, and let yi,y2,...,y2^ 1 be the sums of 
nonempty subsets of т;. 


Let ры(21,...,т,) be the kt” elementary symmetric polynomial in 
the y; (the sum of every product of k distinct y;s). 

For which k and n is every coefficient of pk (as a polynomial in zi,..., £n) 
even? 


For example, if n = 2, then yi, Y2, y3 are 21,22, 21 + z2 and 


pi = у + ya + уз = 221 + 222, 
рә = 1/11/2 + угуз + Yayı = T sp P + 32122, 


Юз = 1/11/21/3 = тіто I 2125. 


Problem 101 


Prove that there exist 10 distinct real numbers а1,а2,..., ayo such that 
the equation 


(z —ai)(z —a2):--(z — aio) = (z +aj)(z +a): (z + ало) 


has exactly 5 different real roots. 
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Problem 1 [Romania 1974] 
Let a,b, and c be real and positive parameters. 


Solve the equation 


Va + bx + Vb + cz + Vc-- az = vb — ax + Vc — bz + Va — cz. 


Solution 1 


It is easy to see that z = 0 is a solution. Since the right hand side is a 
decreasing function of x and the left hand side is an increasing function 
of z, there is at most one solution. 


Thus z = 0 is the only solution to the equation. 


Problem 2 
Find the general term of the sequence defined by 20 = 3, ту = 4 and 


re 


for all n € N. 


Solution 2 


We shall prove by induction that z, = n +3. The claim is evident for 
n — 0,1. 
Fork > 1, if zy р = k + 2 and x, = k + З, then 


ткр = T; 4.— krp = (k + 2)2 — k(k + 3) = k + 4, 


as desired. 
This completes the induction. 
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Problem 3 [AHSME 1999] 


Let £1, £2,..., £n be a sequence of integers such that 
deem ordei dii 
(ii) др + £2 +°: + £n = 19; 

(iii) £? +25 +--+ z2 = 99. 

Determine the minimum and maximum possible values of 


3 3 3 
ЖҮЗЕ a ы 


Solution 3 


Let a,b, and c denote the number of —1s, 1s, and 2s in the sequence, 
respectively. We need not consider the zeros. Then a, b, c аге nonnegative 
integers satisfying 


—a +b +2c = 19 and a + b + 4c = 99. 


It follows that а = 40 — c and b = 59— Зс, where 0 < c < 19 (since b > 0), 
SO 
T? +r? +: +r? = а + b+ 8с = 19 + бс. 


When c = 0 (a = 40, b = 59), the lower bound (19) is achieved. 
When c = 19 (a = 21, b = 2), the upper bound (133) is achieved. 
Problem 4 [AIME 1997] 

The function f, defined by 


ах + b 


where а, b, c, and d are nonzero real numbers, has the properties 


Л19) = 19, f(97)=97, and f(f(z)) = z, 


for all values of z, except -<. 
Find the range of f. 


Solution 4, Alternative 1 
For all z, f(f(z)) = z, i.e., 
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(a2 + bc)z + b(a + d) 
c(a + d)z + bc + d2 


) 


c(a + d)z? + (d? — а?)х — b(a + d) = 0, 
which implies that c(a + d) = 0. Since c #0, we must have a = —d. 
The conditions f(19) = 19 and f(97) = 97 lead to the equations 
19°c —2.19a--b and 97с-2.97а +6. 
Hence 
(972 — 19^)c = 2(97 — 19)a. 
It follows that a — 58c, which in turn leads to b — —1843c. Therefore 


58x — 1843 1521 
F(z) = z — 58 "9972-56 
which never has the value 58. 
Thus the range of f is R — {58}. 


Solution 4, Alternative 2 


The statement implies that f is its own inverse. The inverse may be 
found by solving the equation 


ay + b 
Е = 

cy + d 

for y. This yields 
dx — b 
— 1 2: 
pel 

The nonzero numbers a, b, c, and d must therefore be proportional to d, 
—b, —c, and a, respectively; it follows that a — —d, and the rest is the 


same as in the first solution. 


Problem 5 
Prove that ( " š b) 
а- а + а- 
уар 
8a ^ 2 ab S -— 


for all a > b » 0. 


Solution 5, Alternative 1 


Note that , И 
va + vb va + vb 
(ау es (Se) 
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(Va + vb)? (ya — vb? 


(Ya + vb)? (va — vb)? 
da 


< (Va — vb)? < m 


(a — b)? z а — 2vab +b » (a — Б)? 
Sa 7 2 ~ 8b ^ 
from which the result follows. 


Solution 5, Alternative 2 


Note that 
a+b Ж” 
a +b PX 2 (a — b)? 


a SS 
2 a + Vab 2(a +b) + 4Vab 


Thus the desired inequality is equivalent to 
4a > a + b+ 2vab > 4b, 
which is evident as a > b > 0 (which implies a > Vab > b). 


Problem 6 [St. Petersburg 1989] 


Several (at least two) nonzero numbers are written on a board. One may 


; b 
erase any two numbers, say a and b, and then write the numbers a + 2 


and b — 5 instead. 


Prove that the set of numbers on the board, after any number of the 
preceding operations, cannot coincide with the initial set. 
Solution 6 


Let S be the sum of the squares of the numbers on the board. Note that 
S increases in the first operation and does not decrease in any successive 
operation, as 


n (6-2) ав) 5 
2 2 4 = 


with equality only ifa = b = 0. 
This completes the proof. 


3. Solutions to Introductory Problems 


Problem 7 [AIME 1986] 
The polynomial 

| sq asp Snap Б IS ж 
may be written in the form 


ao + G17 + azy? га з aisy? Air ауту!', 


where y = z + 1 and а;ѕ are constants. Find ao. 


Solution 7, Alternative 1 


Let f(x) denote the given expression. Then 


rf(z) =x- r? +4 6. r! 
and 
(1 + z)f(z)=1- x. 

Hence 1-( De 1-( у 

z) = fly- 1) = ——————Ə = M. 
Therefore az is equal to the coefficient of y? in the expansion of 

pes (y 2 De 

l.e., 


18 
a2 = ij = 816. 


Solution 7, Alternative 2 


Let f(x) denote the given expression. Then 


f(z)-f(y-1)-1-(y-1-*(y-1*----(y-0* 


== (= ЕШ = н = еду, 


„-@+@=-+@-(9 


Неге we used the formula 


(i) + (er) 7 MJ 


Thus 


and the fact that 
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Problem 8 
Let a, b, and c be distinct nonzero real numbers such that 
1 1 1 
a+-=b+-=c+-. 
b % а 


Prove that |abc| = 1. 
Solution 8 
From the given conditions it follows that 
ЖҮН cR 0-с- —; and c — a = сша. 
ab 


bc 


Multiplying the above equations gives (abc)2 = 1, from which the desired 
result follows. 


Problem 9 [Putnam 1999] 
Find polynomials f(z), g(z), and h(z), if they exist, such that for all z, 


—1 lÍ z< =] 
\f(x)| ^ |g(z)| + h(x) = < 3z+2 if—-l<2z<0 
-2c+2 Шт>0. 


Solution 9, Alternative 1 


Since x = —1 and z = 0 are the two critical values of the absolute 
functions, one can suppose that 
F(z) = al|r+1|+)b|z| + cz + d 


(—a—b)z+d-—-a ifr«-1 
(a+c-b)Jetat+td if-l<z<0 
(a+b+c)xz+a+d if rz > 0, 
which implies that a = 3/2, b = —5/2, c = —1, and d = 1/2. 
Hence f(z) = (3z + 3)/2, g(z) = 5z/2, and h(z) = —z + 2. 
Solution 9, Alternative 2 

Note that if r(x) and s(x) are any two functions, then 


r+s+|r—s| 
7 


Therefore, if F(x) is the given function, we have 


F(x) 


max(r, s) = 


max{—3z — 3,0} — max{5z,0}+ 3х + 2 
= (—3x — 3 + |3x + 3|)/2 — (5z + |5z|)/2 + 3z + 2 


1 
(32 + 3)/2| — |5z/2| — z + 2 
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Problem 10 

Find all real numbers x for which 
РАР Т 
127+18 6 


Solution 10 


By setting 2” = a and 3” = b, the equation becomes 


a+b 7 
a?b--b?a 6 
i.e. 
a? — ab + b? T 
ab 6 
1.е. 
ба? — 13ab + 6? = 0, 
i.e. 
(2a — 3b)(3a — 2b) = 0. 
Therefore 2**! = 3z+1 or 22-1 = 32-1, which implies that x = —1 and 
y 


It is easy to check that both x = —1 and x = 1 satisfy the given equation. 


Problem 11 [Romania 1990] 


Find the least positive integer m such that 


м т 
< m 
T, 


for all positive integers n. 


Solution 11 
Note that 


e) Go) 00) + 


and for n = 5, 


Thus m = 4. 
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Problem 12 


Let a, b, c, d, and e be positive integers such that 
abcde =a +b+ c+ d =+ e. 


Find the maximum possible value of max{a, b, c, d, e). 


Solution 12, Alternative 1 
Suppose that a < b < c < d < e. We need to find the maximum value of 
e. Since 
e<a+b+c+d+e <5e, 
then e < abcde < 5e, i.e. 1 < abcd < 5. 
Hence (a,b,c,d) = (1,1,1,2), (1,1,1,3), (1,1,1,4), (1,1,2,2), or 
(1,1,1,5), which leads to max{e} = 5. 
Solution 12, Alternative 2 
As before, suppose that a < b < c < d < e. Note that 


1 1 1 1 1 
+ — + 


- bcde саға deab eabc abcd 
1 1 1 1 1 3+d+e 

sS cupo дш ды ше | 

ge de dee. a de 


Therefore, de < 3 + d+ e or (d — 1)(e — 1) <4. 

If d = 1, then a = b = c = 1 and 4 + e = e, which is impossible. 
Thus d— 1 > 1ande—1<4ore<5. 

It is easy to see that (1, 1,1, 2, 5) is a solution. 


Therefore max{e} = 5. 


Comment: The second solution can be used to determine the maxi- 
mum value of (z1,22,..., Zn}, when 71,272,...,Т, are positive integers 
such that 

tity t Lyn = I +22 + dax. 


Problem 13 


Evaluate 


3 4 2001 


14243 ^ 21:3 4| ^ ^ T 1999 2000! 4 20011 
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Solution 13 


Note that 
k + 2 B k+2 
К!+(Е+1)!+(Е+2! — k'1+k+1-+(k+ 1)(k + 2)] 
_ 1 
БЕЛСЕН 
_ k+l 
(6+2) 
|. (k+2)-1 
|. (k-4 2) 
1 1 


By telescoping sum, the desired value is equal to 


1 1 
2 2001! 


Problem 14 
Let r = уа? +a +1— уа? —a+1l,a € R. 


Find all possible values of z. 


Solution 14, Alternative 1 


Since 
Va? + |a| + 1 > |а 
and 
s 2a 
va? +а+1+/а?—-а+1' 
we have 


|z| < |2a/a| — 2. 
Squaring both sides of 


z+vVo?-a+tl=vVa?+ta+l 


yields 


туа? — а + 1 = 2a — z2. 


(Е+1! (k+2)! 
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Squaring both sides of the above equation gives 
4(z^ — 1)a? = z2(z2 — 4) or a? = 


Since a2 > 0, we must have 
z^(z^ — 4)(z2 — 1) > 0, 


Since |z| < 2, т2-4 < 0 which forces 22 —1 < 0. Therefore, —1 < z < 1. 


Conversely, for every z € (—1,1) there exists a real number a such that 
r=Va2+a+l1l- уа? -—a+l1. 


Solution 14, Alternative 2 

Let A = (—1/2, /3/2), B = (1/2, /3/2), and Р = (a,0). Then P 
is a point on the z-axis and we are looking for all possible values of 
d= PA — PB. 

By the Triangle Inequality, |PA — PB| < |AB| = 1. And it is clear 
that all the values —1 « d « 1 are indeed obtainable. In fact, for such 
a d, a half hyperbola of all points Q such that QA — QB = d is well 
defined. (Points A and B are foci of the hyperbola.) 


Since line AB is parallel to the z-axis, this half hyperbola intersects the 
x- axis, i.e., P is well defined. 


Problem 15 


Find all real numbers z for which 


10” + 11” + 12” = 13“ + 147. 


Solution 15 


It is easy to check that z = 2 is a solution. We claim that it is the only 
one. In fact, dividing by 13” on both sides gives 


10\* (uy (12Y* ,, (14V 
13 13 13] ` 13) ` 


The left hand side is a decreasing function of z and the right hand side 
is an increasing function of 2. 


Therefore their graphs can have at most one point of intersection. 
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Comment: More generally, 
a*+(a+1)*4+---+(a+k) 
=(a+k+1)*+(at+k+2)?+---+(a4 2k) 
for a = k(2k + 1), k € N. 


Problem 16 [Korean Mathematics Competition 2001] 
Let f : Nx N — N be a function such that f(1,1) = 2, 


f(m+1,n) = f(m,n) +m and f(m,n+1) = f(m,n) ^ n 


for all m,n € N. 
Find all pairs (p,q) such that f(p,q) = 2001. 


Solution 16 


We have 
f pq) = f(p-1,q)+p-1 

= f(p—2,q)+(p—2)+ (p— 1) 
= sa, PED 
= /(,я-1)-(4-1)+ PE 
' М 44-1) p(p-1) 
= 2001. 

Therefore 


p(p-1) q(q- 1) 
ачары 7 2.1806 
2 2 | 
(p—q)(p--q— 1) = 2. 1999. 


Note that 1999 is a prime number and that p—q < p+q- 1 for p,q EN. 
We have the following two cases: 


1. p—q = l and p+ q — 1 = 3998. Hence p = 2000 and q = 1999. 


2. p— q = 2 and p + q — 1 = 1999. Hence р = 1001 and q = 999. 
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Therefore (p,q) = (2000, 1999) or (1001, 999). 


Problem 17 [China 1983] 
Let f be a function defined on [0,1] such that 


f(0) = f(1) = 1 and |f(a) — f(b)| < |a — b|, 


for all a Z b in the interval (О, 1]. 
Prove that 


(а) - f(b) < >. 


Solution 17 


We consider the following cases. 
1 
1. |a — b| € 1/2. Then |f(a) — f(b)| < |a — b| € 5, as desired. 
2. |a — b| > 1/2. By symmetry, we may assume that a > b. Then 


(а) - ҒЫ) = |f) – fC) + f(0) — ДЫ) 
< jf(a) - Р) + 1f(0) — ДЫ 
< 


la — 1| + |0 — b| 
= 1l—a+b-0 
1 — (a — b) 
< Í 
9? 
as desired. 
Problem 18 


Find all pairs of integers (x, y) such that 
T? +y? = (z + у)?. 
Solution 18 
Since z? +y? = (x+y)(x? — xy 4- y?), all pairs of integers (п, —n), n € Z, 


are solutions. 
Suppose that z + y #0. Then the equation becomes 


r? — туфу = z+, 


z2— (u +1)z +y? — y = 0. 
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Treated as a quadratic equation in x, we calculate the discriminant 
А = y? + 2у + 1 — 4y? + 4y = —3y? + бу + 1. 
Solving for A > 0 yields 
3-2,3 3+2V3 


<y< 
3 ag 


3 


Thus the possible values for y are 0, 1, and 2, which lead to the solutions 
(1, 0), (0, 1), (1, 2), (2, 1), and (2,2). 

Therefore, the integer solutions of the equation are (z, y) — (1,0), (0, 1), 
(1, 2), (2, 1), (2, 2), and (n, —n), for all n € Z. 


Problem 19 [Korean Mathematics Competition 2001] 
Let 


for real numbers z. Evaluate 
1 2 2000 
(ж) +/ (sor) ЛЕРІ 


Solution 19 
Note that f has а half-turn symmetry about point (1/2, 1/2). Indeed, 


2 2 4° 47 


1 — = ——— — — Z 
Jü-27-g-Y337434245 442 


from which it follows that f(x) + f(1— z) = 1. 
Thus the desired sum is equal to 1000. 


Problem 20 
Prove that for n > 6 the equation 

1 dq rer Ze 1 

Z1 а z 
has integer solutions. 
Solution 20 
Note that 

1 1 1 1 

re + + T 
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from which it follows that if (x1, 22,--+,2%n) = (4а1,42,:::, an) is an inte- 
ger solution to 
| : poses. e 
pr ge т, 
then 
(271, T2,'' '  Ta-1; Tn, In+l, Tn+2, Yata) 
= (a1,Q2,''',4n_-1, 2An, 2an, 2an, 2an, ) 
is an integer solution to 
1 1 1 
cgo ht = mk 
Ly T +3 


Therefore we can construct the solutions inductively if there are solutions 
for n = 6,7, and 8. 


Since z; = 1 is a solution for n = 1, (2,2,2,2) is a solution for n = 4, 
and (2,2,2,4,4,4,4) is a solution for n = 7. 


It is easy to check that (2,2,2,3,3,6) and (2,2,2,3,4,4, 12,12) are solu- 
tions for n = 6 and n = 8, respectively. This completes the proof. 


Problem 21 [AIME 1988] 
Find all pairs of integers (a,b) such that the polynomial 


axi +br! +1 
is divisible by z^ — z — 1. 


Solution 21, Alternative 1 


Let p and q be the roots of z— z— 1 = 0. By Vieta’s theorem, 
p+q = l and pg = -1. Note that p and q must also be the roots of 
ахі! + 611% +1 = 0. Thus 


ap!’ + bpl$ = —1 and aq!” + 0° = —1. 


Multiplying the first of these equations by q1Š, the second one by p!$, 
and using the fact that pq = —1, we find 


ap +b = —q!? and aq +b = -p"°. (1) 


Thus 


pou 8 | Ву, А | ANG 2 
dE Бе беш жоу д: 
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Since 


p+q = 1, 

р? + q? (p+ 4)? — 2pq = 1 + 2 = 3, 

р +9 = (р +q) -2p =9-2=7, 
p +q = (р^ +9)? – 2p*q* = 49 — 2 = Ат, 


it follows that a = 1-3-7-47 = 987. 
Likewise, eliminating a in (1) gives 
17 _ 17 
E шш ЕТШ. 
p—q 
= р16 + р! + pg? L... + 018 
(p$ + 415) + pg(pl^ +q) + p?q? (p? + 9?) 
+++ p'q'(p + q?) + pia? 
= (p? +q!) — (р 4 q1*) 4. (р +4?) +1. 


For n > 1, let kon = p?" + 92". Then k; = 3 and k4 = 7, and 


po E get 


(prt? fe qe a + 47) _ p^ q* (p^ + 47”) 
= Ikan+2 — kan 


kon+4 


for n > 3. Then ke = 18, kg = 47, k1o = 123, К19 = 322, Куд = 843, 
kış = 2207. 


Hence 
—b = 2207 — 843 + 322 — 123 +47 — 18 + 7 — 3 + 1 = 1597 


Or 
(a,b) = (987, —1597). 


Solution 21, Alternative 2 
The other factor is of degree 15 and we write 


(cisz]!Š — cur? L... сіт — co)(z2 — z — 1) = ат!' + bz! + 1. 
Comparing coefficients: 


co = 1, 
co С = 0,ci = 1 
—Cg — C] + со = 0, со = 2, 


and for 3 < k < 15, —Ch_2 — Ck—1 + ck = 0. 
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It follows that for k < 15, ck = Ру (the Fibonacci number). 


Thus a = cis = Fig = 987 and b = —c14 — сіѕ = — Fi, = -1597 or 
(a,b) = (987, —1597). 


Comment: Combining the two methods, we obtain some interesting 
facts about sequences kən and Fan-ı. Since 


3Fan+3 — Fonts = 2F5n43 — Ponta = Fan+3 — Fonte = Font, 
it follows that Ғо,-і and Ко, satisfy the same recursive relation. It is 


easy to check that ko = F1 + F3 and k4 = Ез + Fs. 
Therefore kan = Fan-ı + Fan+ı and 


Fonsi = kan — kon-2 + kon—4 — + (71) 1 + (-1)". 


Problem 22 [AIME 1994] 


Given a positive integer n, let p(n) be the product of the non-zero digits 
of n. (If n has only one digit, then p(n) is equal to that digit.) Let 


S = p(1) + p(2) + --- + р(999). 


What is the largest prime factor of S? 


Solution 22 


Consider each positive integer less than 1000 to be a three-digit number 
by prefixing 0s to numbers with fewer than three digits. The sum of the 
products of the digits of all such positive numbers is 


(0-0-0+0-0-1+---+9-9-9)-—0-0-0 
=(0+1+---+9)? – 0. 
However, p(n) is ће product of non-zero digits of n. The sum of these 
products can be found by replacing 0 by 1 in the above expression, since 
ignoring 0’s is equivalent to thinking of them as 1’s in the products. (Note 


that the final 0 in the above expression becomes a 1 and compensates 
for the contribution of 000 after it is changed to 111.) 


Hence 
S = 46? — 1 = (46 — 1)(46° + 46 + 1) = 3° - 5 - 7 - 103, 


and the largest prime factor is 103. 
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Problem 23 [Putnam 1979] 

Let x, be a sequence of nonzero real numbers such that 
In-2In-1 

” От,4-2- En-1 

for n = 3,4,.... 


Establish necessary and sufficient conditions on x; and тэ for т, to be 
an integer for infinitely many values of n. 


Solution 23, Alternative 1 
We have 


1 _ 22529 — In-1 " 2 1 


In In-2In-1 In-1 In—2 


Let y, = 1/z,. Then yn — Yn-ı = Yn-ı — Yn-2, 1-€., Yn is an arithmetic 
sequence. If z, is a nonzero integer when n is in an infinite set S, the 
Yn S for n € S satisfy —1 < y, < 1. 


Since an arithmetic sequence is unbounded unless the common difference 
is 0, Yn — Yn—1 = 0 for all n, which in turn implies that zı = x2 = m, а 
nonzero integer. 
Clearly, this condition is also sufficient. 
Solution 23, Alternative 2 
An easy induction shows that 

71272 _ 7172 
(n-1)tı-(n-2)&2 (z1 — 22)п + (2z2 — zi) 
for n = 3,4,.... 


In this form we see that x, will be an integer for infinitely many values 
of n if and only if ху = 22 = m for some nonzero integer m. 


In = 


Problem 24 


Solve the equation 


r? – 32 = Vr + 2. 


Solution 24, Alternative 1 
It is clear that x > —2. We consider the following cases. 


1. —2 < z < 2. Setting z = 2cosa, 0 < a < 7, the equation becomes 


8 соѕ? a — 6cosa = \/2(cosa + 1). 


2 cos За = 4/4 cos? = 


Or 
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from which it follows that cos 3a = cos š. 
Then 3a — 5 = 2mm, m € Z, or 3a + 2 = 2пт, n € 2. 


Since 0 < a < т, the solution in this case is 


x = 2 cos 0 = 2, z = 20057, and z = 200827. 


2. z > 2. Then z? — 4z = z(z2 — 4) > 0 and 
= -z-2=(z-2)(e+1)>0 


or 


r»vr-42. 


It follows that 


D — 3z > z > /z + 2. 


Hence there are no solutions in this case. 


Therefore, z = 2, x = 2cos47/5, and z = 2 cos 4r /7. 


Solution 24, Alternative 2 


For z > 2, there is a real number t > 1 such that 
t= + =. 


Тһе equation becomes 


(7 - 1)(t? — 1) 2 0, 
which has no solutions for t > 1. 
Hence there are no solutions for z > 2. 


For —2 € x < 2, please see the first solution. 
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Problem 25 [AIME 1992] 


For any sequence of real numbers A = {а1,а2,аз, ···}, define AA to be 
the sequence (a; — a1,Q3 — a2,a4 — аз,...}. 

Suppose that all of the terms of the sequence A(AA) are 1, and that 
419 = Agg = 0. 


Find а}. 


Solution 25 
Suppose that the first term of the sequence AA is d. 


Then 
AA = {d,d+1,d+2,...} 


with the nth term given by d+ (n — 1). 


Hence 
А = (a1,01 +d,aı - d - (4+1), а c d - (d 4-1) + (4+ 2),...} 


with the nth term given by 


An = a1 + (n — 1)d + jn- 1)(n — 2). 


This shows that а, is a quadratic polynomial in n with leading coefficient 
1/2. 


Since а19 = 092 = 0, we must have 
1 
= Piu — 19)(n — 92), 
so a1 — (1 — 19)(1 — 92)/2 — 819. 
Problem 26 [Korean Mathematics Competition 2000] 
Find all real numbers х satisfying the equation 
2^ + 3% — 4“ +6” — 9“ = 1. 


Solution 26 


Setting 27 = а and 3” = b, the equation becomes 
1 +а? +b —a —b — ab = 0. 


Multiplying both sides of the last equation by 2 and completing the 


squares gives 
(1-а)? + (a — b)? + (b 1)? = 0. 
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Therefore 1 = 2° = 3°, and z = 0 is the only solution. 


Problem 27 [China 1992] 


Prove that 
80 у 
16 < — < 17. 

Solution 27 
Note that А : 

EA 

Vk-r1- vk k 

Therefore 


_ => 

Vk 
which proves the lower bound. 
On the other hand, 


2(Vk- УЕ-1) = 


Be У (VEFT- УЕ) = 16, 
k=1 k=1 


2 1 
Vk --V/k-1 TE 


Therefore 
80 | 80 
egeo Vk — Vk —1) = 2/80— 1 < 17, 
ы? ) 


which proves the upper bound. Our proof is complete. 


Problem 28 [AHSME 1999] 


Determine the number of ordered pairs of integers (m, n) for which mn > 
0 and 
m? + n? + 99mn = 33°. 


Solution 28 
Note that (m + n)? = m? + n? + 3mn(m + n). If m + n = 33, then 


333 = (m + n? = m? + n? + 3mn(m + n) = m? + n? + 99mn. 
Hence m + n — 33 is a factor of m? + n? + 99mn — 333. We have 


m? + nŠ + 99mn — 33° 
= (m + n — 33)(m2 + n? — mn + 33m + 33n + 332) 


= > (m +n — 33)[(m — п)? + (m +33)? + (n + 33)2]. 
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Hence there are 35 solutions altogether: (0,33), (1,32), ---, (33,0), and 
(-33, —33). 


Comment: More generally, we have 


a? + b? + c? — 3abc 
1 
= gla +b + с)[(а — b)? + (b с)? + (c — a)°]. 


Problem 29 [Korean Mathematics Competition 2001] 


Let a,b, and с be positive real numbers such that a + b + c < 4 and 
ab + bc + ca > 4. 


Prove that at least two of the inequalities 


la-6|€2, |b—-c| <2, |c—a| <2 


are true. 
Solution 29 
We have 

(a+b+c)? < 16, 
1.е. 

а? +b? + c^ + 2(ab + bc + ca) < 16, 

1.е. 

а? + b? + c? < 8, 
1.е. 

а? +b? + с? — (ab + bc + ca) < 4, 

1.е. 


(a — b + (b — с)? + (c — a)? < 8, 


and the desired result follows. 


Problem 30 


Evaluate 


= 1 
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Solution 30 
Let S, denote the desired sum. Then 


Da = 


2n 
1 1 is (“) 
(2n)! 2 > k n 
1 1 2n 
- TELLE gen 
(Im) 2 | + e ) 
2 02п-1 Т 1 
(Zn)! 2(m!)2 
Problem 31 [Romania 1983] 
Let 0 <a < 1. Solve 
т = a” 


for positive numbers 2. 


Solution 31 


Taking log, yields 
а? log, 2 = х". 


Consider functions from R* — К, 
JCS a, -gu)edog m Aux =a 


Then both f and g are decreasing and h is increasing. It follows that 
f(x)g(zx) = h(x) has unique solution x = a. 


Problem 32 


What is the coefficient of z? when 
(1+ 2)(1 + 22)(1 + 4z): (1-- 2" z) 


is expanded? 
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Solution 32 
Let 


(т) = an o + 44,12 ++ annt” = (1 +z)(1 4+ 2z)--- (1 + 22). 
It is easy to see that an, = 1 and 
Qa = 2 baa s ex eg 
Since 
А(а) = fn—1(x)(1 + 2"z) 
= (1+(2®—1)х-+„ал-12х° +) (1 + 2%z) 
1+ (271 — T x + (an-12 27 аве, 


we have 
An2 = An-1,2 F 28 — 2" 
An-2.2 a 92п—2 = оп-1 ШЕ gen 20 on 
= ayo+(2*4+2°4---4+27") (22 +2 +... +42") 
24 92п—2 = 
= 24 27 D em — 1) 
Е gente Ex on+1 EE 2 ú (onde __ 1) Pa " 2) 
iu à i 3 | 
Problem 33 


Let m and n be distinct positive integers. 


Find the maximum value of |z"* — х" |, where z is a real number in the 
interval (0, 1). 


Solution 33 
By symmetry, we can assume that m > n. Let y = x", 
Since 0 < z < 1, z" < x” and 0 < y < 1. Thus 
s 
Еш __ 1" = g” ym = т"(1 = quem = (y^ (1 КА ym m= 


Applying the AM-GM inequality yields 
E" n \" ((m—n)y\" BR 
Uum = (аш) кез (1-9) 


m —n n 
Р n i n- E L (m — n)(1— y) en 
ЕЕ т-т n+m-n 


n^ (m = п)" 


m” 
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Therefore 
| к=н m-n n” z 
mm mM” 
Equality holds if and only if 
(many _,_ , 
n 


Or 


Comment: For m = n + 1, we have 


n 
n 
п өткі < 


ú ~ (n+1)"*} 


for real numbers 0 < т < 1. Equality holds if and only if z = n/(n + 1). 


Problem 34 
Prove that the polynomial 
(x — a,)(4@ -a2) (z аһ) — 1, 


where а1,02,:::, ау, are distinct integers, cannot be written as the prod- 
uct of two non-constant polynomials with integer coefficients, i.e., it is 
irreducible. 


Solution 34 


For the sake of contradiction, suppose that 
f(x) = (x — a) —a):: (z — a,)— 1 


is not irreducible. Let f(x) = p(x)q(x) such that p(x) and q(x) are two 
polynomials with integral coefficients having degree less than n. Then 


g(x) = p(x) + q(x) 


is a polynomial with integral coefficients having degree less than n. 


Since 
p(ai)q(ai) = f(a;) = —1 
and both р(а;) and q(a,) are integers, 


Ip(as)| = 14(0:) = 1 
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and 
р(а) + q(a;) = 0. 
Thus g(x) has at least n roots. But deg g < n, so g(z) = 0. Then 
р(х) = —q(z) and = f(x) =—p(z)’, 


which implies that the leading coefficient of f(x) must be a negative 
integer, which is impossible, since the leading coefficient of f(x) is 1. 


Problem 35 
Find all ordered pairs of real numbers (x,y) for which: 
(1+:)(1+:?)(1+:%) = 1+y’ 
and (1+4)(1+2)(1+0) = 1+2". 


Solution 35 
We consider the following cases. 


1. zy = 0. Then it is clear that х = у = 0 and (х,у) = (0,0) isa 
solution. 


2. zy « 0. By the symmetry, we can assume that x » 0 » y. Then 
(1+2)(1+27)(1+24) > 1 and 1 4- y < 1. There аге no solutions 
in this case. 


3. x,y > 0 and z Z y. By the symmetry, we can assume that z > 
y > 0. Then 


(14-z)(14-z22)(1 253) 519-2 514 yl, 
showing that there are no solutions in this case. 


4. x,y < 0 and z Z y. By the symmetry, we can assume that z < y < 
0. Multiplying by 1 х and 1 — у the first and the second equation, 
respectively, the system now reads 


1-48 = (149 )(1-z)21-z-4y' — zw 
1-y = (1«4z"))(1-y)21-y-z' — zy. 
Subtracting the first equation from the second yields 
х — y? = (z — y) + (07 — y^) — mu(zŠ — y^). (1) 


Since x < y < 0, z8 — y8 > 0, z— < 0, 2’ —y’ <0,-ту < 0, and 
тб - yê > 0. Therefore, the left-hand side of (1) is positive while 
the right-hand side of (1) is negative. 


Thus there are no solutions in this case. 
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5. z = y. Then solving 


1-28 =1-2+4+y' -ıy =1-ı+2 -? 


leads to x = 0,1, —1, which implies that (x, y) = (0,0) or (—1, —1). 


Therefore, (x,y) = (0,0) and (-1,-1) are the only solutions to the 
system. 


Problem 36 


Solve the equation 
2(2* — 1)z2 + (27 —2)х = 271 _ 2 


for real numbers т. 


Solution 36 


Rearranging terms by powers of 2 yields 
2* z + 2**!(3? — 1) — 2(z? +z — 1) = 0. (1) 
Setting y — z? — 1 and dividing by 2 on the both sides, (1) becomes 
2Ут + 28у — (z +?) = 0 
Or 
z(2" —1) + y(27 — 1) = 0. (2) 
Since f(x) = 2* — 1 and т always have the same sign, 
z(2" — 1): y(2* — 1) > 0. 


Hence if the terms on the left-hand side of (2) are nonzero, they must 
have the same sign, which in turn implies that their sum is not equal to 
0. 


Therefore (2) is true if and only if z = 0 or y = 0, which leads to solutions 
x = —1,0, and 1. 


Problem 37 
Let a be an irrational number and let n be an integer greater than 1. 
Prove that 


1 


(a + Ve=1)" +(a- a?-1)" 


is an irrational number. 
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Solution 37 
Let 


and let 
b = (a + Va? — 1)" 


Then N = b+ 1/b. For the sake of contradiction, assume that N is 
rational. Then by using the identity 


1 1 1 1 
m+1 - ET m T XI тъ— 1 
b is p (+ 3 ( + ж) С т =) 


repeatedly for m = 1,2,..., we obtain that Б" + 1/b” is rational for all 
meN. 


In particular, 


1 
"+ m =atvVaö-l+ta- a? — 1 = 2a 


is rational, in contradiction with the hypothesis. 


Therefore our assumption is wrong and N is irrational. 


Problem 38 


Solve the system of equations 


71- T2 + T3 
T2 — T3 + T4 


( ) ( ) 
( ) ( ) 
(x3 — ха + 25)? 14(21 + T2 — 24) 
( ) ( ) 
( ) ( ) 


| 
в 
сл 
в 
t 
+ 
8 
оз 

| 
8 
сл 


ФАБ] 
X5 — Tı + X2 
for real numbers 21, 72, 23, 74, 25. 
Solution 38 
Let 2,445 = тк. Adding the буе equations gives 


5 


5 
ЖЕ? — 4хк®к+1 + 2TkZk+2) = У (— + 2740442). 
k=1 k=1 


It follows that 


5 
So (xk = TkZIk+1) = (). 


k=1 
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Multiplying both sides by 2 and completing the squares yields 


5 
y» — 2641)? = 0, 


k=1 


from which 71 = т» = 13 = 74 = zs. Therefore the solutions to the 
system are 
(£1, £2, £3, 24,25) = (a,a,a,a,a) 


for a € R. 


Problem 39 
Let x, y, and z be complex numbers such that r+y+z = 2, 2?+y?+z? = 
3, and ту2- 4. 


Evaluate 
1 1 1 


ННІ 


Solution 39 
Let 5 be the desired value. Note that 


zy+z-1=ıy+1-r2-y=(e-V)y-)). 


Likewise, 
У2-:-і1-(у-1/)(:-і1) 
ала 
zr + —1-— (z-— 1)(z – 1). 
Hence 
S = —— CP ME EN 
Eee qe cem) 
INC V аллы ызых. 
(т —1)(у—1)(4—1) (z-1)y-U(z- 1) 
en] 
7 тух — (ху +yz +zr)+r+y+z-1 
=] 
 5—(zu+wz+ zz) 
But 


2(ту + уг + zz) = (z +y + 2)? — (z2 + у? + г?) = 1. 
Therefore S = —2/9. 
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Problem 40 [USSR 1990] 


Mr. Fat is going to pick three non-zero real numbers and Mr. Taf is going 
to arrange the three numbers as the coefficients of a quadratic equation 


uU qe Фе. 


Mr. Fat wins the game if and only if the resulting equation has two 
distinct rational solutions. 


Who has a winning strategy? 


Solution 40 


Mr. Fat has the winning strategy. A set of three distinct rational nonzero 
numbers a,b, and c, such that a + b + c = 0, will do the trick. Let A, B, 
and C be any arrangement of a, b, and c, and let f(x) = Az? + Bz + C. 
Then 

= А+В+С=а+ь+с = 0, 
which implies that 1 is a solution. 


Since the product of the two solutions is C/A, the other solution is С/А, 
and it is different from 1. 


Problem 41 [USAMO 1978] 


Given that the real numbers a,b, c, d, and e satisfy simultaneously the 
relations 


a+b+ c+ d-+ e= 8 and а? + b^ + c? + d? + e? = 16, 


determine the maximum and the minimum value of a. 


Solution 41, Alternative 1 


Since the total of b,c,d, and e is 8 — a, their average is z = (8 — a)/4. 
Let 
b=c+b, c=rc+ca, а-ға, е-2--еі. 


Then bi + Cy + di + 61 = 0 and 


(8 — a)? 


a) 


16 = a? + Az? +b? +c? + d2 + e? > а? + 4z2 = а? + 
or 
0 > 5a? - 16a = a(5a — 16). 


Therefore 0 € a < 16/5, where a = 0 if and only ifb=c=d=e=2 
and a = 16/5 if and only if b = c = d = e = 6/5. 


56 3. Solutions to Introductory Problems 


Solution 41, Alternative 2 
By the RMS-AM inequality, (1) follows from 


(b+c+d+e)? (8-a) 


52 2 d? 2 > = шы 8 
FETA FEZ 1 1 | 


and the rest of the solution is Ше same. 


Problem 42 


Find the real zeros of the polynomial 
Р,(х) = (z° + 1)(x — 1)’ = az’, 


where a is a given real number. 


Solution 42 


We have 
(22 + 1)(z? — 2z + 1) — az? = 0. 


Dividing by x? yields 


er) de 


By setting y = z + 1/z, the last equation becomes 
y^—2y—a = 0. 


It follows that 


1 
e+ =1#tvl+ta, 


which in turn implies that, if a > 0, then the polynomial P,(x) has the 


real zeros 
Е 1+у1+а+ уа +2у1 +а – 2 
1.2 Te Ы, 
| 2 
In addition, if а > 8, then P,(z) also has the real zeros 


1-vl+tatvya-2yl+a-2 


13,4 = 
2 


Problem 43 
Prove that 


for all positive integers n. 
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Solution 43 


We prove a stronger statement; 


= — F 
2 4 2n ^ /Bn+1 


We use induction. 
For n — 1, the result is evident. 
Suppose the statement is true for some positive integer k, i.e., 


13 2k-1 1 


< 
2 4 2k V3k4+1 


Then 
1 3 2k —1 2k+1 1 2k + 1 


2/4 ^" 2k 25425 (Bea. 2k+2 


In order for the induction step to pass it suffices to prove that 


1 2k +1 1 


—— L—— < 
v3k+1 2k+2 V3k+4 


This reduces to 


9k+1N2 3k+1 
2k+2 3k +4 


1.е. 
(4k? + Ak + 1)(3k + 4) < (Ak? + 8k + 4)(3k + 1), 


1.е. 
0 < Е, 


which is evident. Our proof is complete. 


Comment: Ву using Stirling numbers, the upper bound can be im- 
proved to 1/ rn for sufficiently large n. 


Problem 44 [USAMO Proposal, Gerald Heuer] 


Let 
Р(х) = aox” + аух?" | +... a, 


be a nonzero polynomial with integer coefficients such that 
P(r) = P(s) = 0 


for some integers r and s, with 0 < r < s. 
Prove that a; < —s for some k. 
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Solution 44 
Write P(x) = (z — s)<°Q(z) and 


Az) = т + bz l +... + bm, 


where bm # 0. Since Q has a positive root, by Descartes’ rule of signs, 
either there must exist some k for which b; > 0 > 6x41, or bm > 0. 


If there exists а k for which bj > 0 > bk+1, then 
ак+1 = —Sby + бф < —5. 


If bm > 0, then am = —sb,, < —s. 


In either case, there is a k such that а; < —s, as desired. 


Problem 45 


Let m be a given real number. Find all complex numbers rz such that 
2 2 
+[— |) =т2 +m 
r+1 r-1 
Solution 45 


Completing the square gives 


т т WV 21? 2 
+ — tm + т, 


r+1 7-1 


2a “е 21? + m? + 
22-21 EP msn m Mm. 


Setting = 2z2/(z2 — 1), the above equation becomes 


y^ — y — (m* +m) = 0, 


1.6. 
(y—m—1)(y+m) = 0. 
Thus 
21? 2x? 
22-71 = —m ОГ 51 = m + 1, 


which leads to solutions 


m m + 1 
— +, | — if = = 1 ; 
т (хи; m 2and x typo fm#l 
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Problem 46 
The sequence given by zo = а, 21 = b, and 
1 | 1 J 
Intl = < | Tn- + — |. 
In 
is periodic. 
Prove that ab — 1. 


Solution 46 
Multiplying by 2z, on both sides of the given recursive relation yields 


DET ~ TH, tl 
or 
2(fn2n41 - 1) = 53-12. — 1. 


Let уһ -2,-12, — 1 for n ЕМ. Since yn+ı = yn/2, {yn} is a geometric 
sequence. If x, is periodic, then so is ул, which implies that y, = 0 for 
all n € N. Therefore 


ab = тоху = у + 1 = 1. 


Problem 47 
Let a,b,c, and d be real numbers such that 


(a? + b2 — 1)(c? + d? — 1) > (ac + bd — 1)*. 
Prove that 
a? + b? > 1 and c? +d? > 1. 


Solution 47 


For the sake of the contradiction, suppose that one of a? + b? or c? + d? 
is less than or equal to 1. Since (ac + bd — 1)? > 0, a? + b? — 1 and 
c? + d? — 1 must have the same sign. Thus both a? + b? and c? + d^ are 
less than 1. Let 


r—-1—ae?^-—b andy-1-c?-d*. 


Then 0 < х,у € 1. Multiplying by 4 on both sides of the given inequality 
gives 


Ату > (2ac4- 2bd — 2)? = (2 — 2ac — 2bd)* 
= (a2 +b? zc + d? + – 2ac – 2bd)? 
= [(a- с)? +(b-—- d) +z+g 
> (z+? = х? +2ry+4*, 
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or 0 > x? — 22у + y? = (x — y)?, which is impossible. 
Thus our assumption is wrong and both a? + b? and c* + d? are greater 
than 1. 


Problem 48 


Find all complex numbers z such that 

(3z + 1)(4z + 1)(6z + 1)(12z + 1) = 2. 
Solution 48 
Note that 


8(3z + 1)6(42 + 1)4(6z + 1)2(12z + 1) = 768, 


(242 + 8)(242 + 6)(24z + 4)(24z + 2) = 768. 
Setting u = 24z +5 and w = u? yields 


(u+3)(u + 1)(u — 1)(u — 3) = 768, 


1.е. 
(u? — 1)(u? — 9) = 768, 
1.е. 
w* — 10w — 759 = 0, 
1.е. 


(ш — 33)(w + 23) = 0. 


Therefore the solutions to the given equation are 


- +y33 — 5 and 22 5 
|| 4 0M. 7 
Problem 49 
Let 71,272,::-,2,4-1, be the zeros different from 1 of the polynomial 
Pur oS. 02; 
Prove that 
1 1 1 п — 1 
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Solution 49, Alternative 1 
For; = 1,2,...,n, let а; = 1 — xj. Let 


Q(z) = P(1 — z) _ (1- 20)" 1 


T T 


and a;s are the nonzero roots of the polynomial Q(x), as 


омезае шас 


а; 1-2; 


Thus the desired sum is the sum of the reciprocals of the roots of poly- 
nomial Q(z), that is, 


1 1 1 " 1 
1-1 l-r legs 
1 1 1 
er 
а] а2 An-1 
_ Q203:': An + алаз `` а + + 0180277: 08-31 
азада» 


By the Vieta’s Theorem, the ratio between 
S —05::-044-0103:::04 +: аад: 041 


and 
P=a:: GA 


is equal to the additive inverse of the ratio between the coefficient of z 
and the constant term in Q(z), i.e., the desired value is equal to 


as desired. 


Solution 49, Alternative 2 


For any polynomial R(x) of degree n—1, whose zeros аге 71,72,...,2,-1; 
the following identity holds: 


1 1 1 R'(z) 
sqa тс | 
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For Біл 
(х) = 5 =g™ gat... +2 +1, 
t=] 
R(1) = n and 
n(n —1 
R'(1) = (n- 1) -(n-2) +: 12 8D 
It follows that 
1 1 1 R'(1)  n-1 
1-71 1-2 1 — z4.3 R(1) 2 
Problem 50 
Let a and b be given real numbers. 
Solve the system of equations 
= 22-42 
RAN vz, 
/] = т? + y? 
Ray: _ 
V lug 
for real numbers z and y. 
Solution 50 
Let u = z+ and v = х — y. Then 
0«z^—y^-—uv« 1, r= £=, and y = —— 


Adding the two equations and subtracting the two equations іп the orig- 
inal system yields the new system 


и — иуи (a + Б)у1 – uv 

v+vyuv = (а – Б) = uv. 
Multiplying the above two equations yields 

uv(1 — uv) = (a? — b2)(1 — uv), 


hence uv = a? — b2. It follows that 


ae (a+ b)V1 — a? +b? — (a — b)V/1 — a? + b2 
1- Va? — b2 i 1-Уа2-02 c 


which in turn implies that 


Coe а + Буа? —b? b+avVa2 — 2 


whenever 0 < a? — b? < 1. 


SOLUTIONS TO 
ADVANCED PROBLEMS 


4. SOLUTIONS TO 
ADVANCED PROBLEMS 


Problem 51 


Evaluate 
2000 E 2000 2 2000 M 2000 
2 5 8 2000 / ` 
Solution 51 
Let 2000 
IE) = (1 + а) = > е т^. 

k=0 

Let w = (—1 + V3i)/2. Then w? = 1 and w? +w +1 = 0. Hence 


, ( (2000 n 2000 — 2000 
2 5 2000 
= f(1) +wf(w) +w? Қи?) 
== 92000 E ew) 4:152 14829 
= 92000 4 psu) + Ка (сад 9d 


шы 22000 ЕК ТЫ + = 92000 n 


Thus the desired value is 
92000 _ 1 


3 


Problem 52 
Let x,y,z be positive real numbers such that gt + y^ + 24 = 1. 
Determine with proof the minimum value of 
3 3 3 
x 2 
ТЕРЕН | 
1-28 1-y 1-2 


Solution 52 


For 0 < u < 1, let f(u) = u(1 — uë). Let A be a positive real number. 
By the AM-GM inequality, 
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Setting À = 8 in the above inequality yields 


TOHO 


or 


8 
flu) < 4 39 . 
It follows that 
29 y? 23 ri y^ 24 
1 — zŠ E ] — y8 i: 1-28 — z(l-— x8) Ta Y 2(1= 28) 
" (4 + у% + 25) #39 
- 8 
_ 9 
dir 
with equality if and only if 
1 
qo y = еу, А = 


Comment: This is а simple application of the result of problem 33 in 
the previous chapter. 


Problem 53 [Romania 1990] 
Find all real solutions to the equation 
2° +37 467 = z^. 


Solution 53 


For z < 0, the function f(x) = 2* + 37 + 6* — z2 is increasing, so the 
equation f(x) = 0 has the unique solution z = —1. 


Assume that there is a solution s > 0. Then 
s? = 25 + 3° + 6° > 3, 


so s > V3, and hence |s] > 1. 
But then s > |s] yields 


2° > 9181 = (14 1)! > 14 [s] > s, 
which in turn implies that 


See) >, 
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So 23 + 35 + 65 > s?, a contradiction. 


Therefore x = —1 is the only solution to the equation. 
Problem 54 
Let {an }n>ı be a sequence such that a; = 2 and 
a Р 
n+1 9 "m 
for all n € N. 
Find an explicit formula for ay. 
Solution 54 
Solving the equation 
e т x: 1 
2x 


leads to z = +V2. Note that 


2 
аа t V2 а +2V2a,+2 — an + V2 
An+ı — V2 a2 — 2\/2a, + 2 an — V2 | 


Therefore, 
9n-1 
Om 
a»*v2 (m*v2| _ (/2--1) 
An — V2 а] — у 
апа РА 
Và |(v2+1)" +1] 
An = ур. 
(02+ 1)“ -1 
Problem 55 
Let x, у, апа z be positive real numbers. Prove that 
001420 E 
х + /(rc-ty(z-2) у- у(у-2)у--г) 


2 


М z+ / (z+ z)(z + у) 


Solution 55 
Note that 


Vz FYNE + =) > ту + Va. 
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In fact, squaring both sides of the above inequality yields 


т^ + yz > 2х\/уг, 
which is evident by the AM-GM inequality. Thus 


Vr 


r+ /(z + u)(z + z) — rc Ty uz - Vt + y tz 


Likewise, 


— —— SE EHE NN 
y + (yz) yu) VZ+ vot vz 


and 


— -—— ма _ 
z+ / (z + z)(z + y) — Vt + у + Vz 


Adding the last three inequalities leads to the desired result. 


Problem 56 


Find, with proof, all nonzero polynomials f(z) such that 


/(#°) + f()f( + 1) = 0. 


Solution 56 


Let f(z) = az™(z — 1)"g(z), where m and n are non-negative integers 
and 


g(z) = (z — n)(z — 22) ++: (2 — Zk), 
zi £ О апа z; 1, for i = 1,2,...,k. The given condition becomes 
a2* (2.1) 3-1) (а) (Б ea) Se) 
= —g^z"t^(..1"(z-1^(z-—2z)z—2)-:(z—2) 
(z-1— zi)(z +1— z2) (Z + 1 — zk). 
Thus a = —a2, and f is nonzero, so а = —1. Since z; Z 1,1-2, #0. 
Then 2?” = z™*” that is, m = n. 
Thus f is of the form 
—z™(z—1)™g(z). 


Dividing by 227(2- 1)” (z + 1)", the last equation becomes 


g(z2) = g(z)g(z + 1). 
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We claim that g(z) = 1. Suppose not; then clearly g must have at least 
one complex root r £ 0. Now 


g(r?) = g(r)g(r +1)= 0, 
g ^) = 0, 
g(r?) ES 0, 


and so on. 


Since g cannot have infinitely many roots, all its roots must have absolute 
value 1. 


Now, 
g((r — 1)*) = g(r - 1)g(r) = 0, 
so |(r — 1)2| = 1. 
Clearly, if 
Ir| = Ir -1)7] = 1, 
then 


БЕ = 
re 9 қ 2 : 


But r? is also a root of g, so the same should be true of r?: 


Ë 25 5 
puc cS | 


2 


This is absurd. Hence, g cannot have any roots, and g(z) = 1. 


Therefore, the f(z) are all the polynomials of the form —z™(z — 1)” for 
m € N. 


Problem 57 


Let f : N — N be a function such that f(n-- 1) > f(n) and f(f(n)) = 3n 
for all n. 


Evaluate f(2001). 
Solution 57, Alternative 1 


We prove the following lemma. 


Lemma For n —0,1,2,..., 
1. f (3*) = 2- 3"; and 
2. f (2g yes 
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Proof. We use induction. 

For n = 0, note that f(1) Z 1, otherwise З = f(f(1)) = f(1) = 1, which 
is impossible. Since f : N — М, f(1) > 1. Since f(n+1) > f(n), 
f is increasing. Thus 1 < f(1) < f(f(1)) = 3 or f(1) = 2. Hence 
f(2) = f(f(1)) = 3. 


Suppose that for some positive integer n > 1, 


J(3^)2.3" and-f (2:3")=3""". 


Then, 
fer") = f (F(2-3")) = 2-3", 
and 
f(2-3°*") = f (f(3"*")) = 3n+2, 
as desired. This completes the induction. g 


There are 3” — 1 integers m such that 3” < m < 2.3” and there are 
3” — 1 integers m’ such that 


f(395)223.9^ «em! <3""" e y 2-3"), 
Since f is an increasing function, 
f (8° +m) = 2:3" + m, 
for 0 € m < 3". Therefore 
f (2: 3" +m) = f (f (3* + m)) = 3 (3” + m) 
for 0 € m < 3". Hence 
f (2001) = f (2: 39 + 543) = 3 (3° + 543) = 3816. 


Solution 57, Alternative 2 


For integer n, let n(3) = a1a2---a, denote the base З representation of 
n. 


Using similar inductions as in the first solution, we can prove that 


= 2аә::<- 0% if a1— 1, 
Хп) з) ={ la2 aí if a, =2. 


Since 2001 (з) = 2202010, /(2001) (з) = 12020100 or 


f(2001) = 1-37 - 2.35 - 2. 39 c 1. 37 = 3816. 
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Problem 58 [China 1999] 


Let F be the set of all polynomials f(x) with integers coefficients such 
that f(x) = 1 has at least one integer root. 

For each integer k > 1, find mk, the least integer greater than 1 for which 
there exists an f € F such that f(x) = тк has exactly k distinct integer 
roots. 


Solution 58 


Suppose that f; Є F satisfies the condition that f(x) = m; has exactly 
k distinct integer roots, and let а be an integer such that fą(a) = 1. Let 
gk be the polynomial in F' such that 


gk(z) = (= + a) 


for all z. 
Now 9,(0) = fx(a) = 1, so the constant term of gy is 1. Now ge (x) = mk 
has exactly k distinct integer roots r1,r2,...,Tk, SO we can write 


9k (x) — mk = (z — r1)(z — 72). (x — rk)qk (2), 


where qk (z) is an integer polynomial. 


Note that rir2:::rk divides the constant term of g(x) — mk, which 
equals 1 — т. 
Since mk > 1, 1 — m, cannot be 0, 


[1 —my| > [rir2 rel. 
Now 71,72,:::7, are distinct integers, and none of them is 0, so 
rırz r 2 |1:(-—-1):2.(-2):3...(—1)#t1[k/2]]|, 


hence 
my > |k/2]!- [k/2]! + 1. 
This value of mk is attained by 


—1 


аа) = (-1)02 )(a—1)(@ + 1)(z- 2)(z + 2) 
.. (z + (—1)*[k/2])  |k/2]! - [k/2]! + 1. 


Thus, 
my = |k/2]!- [k/2]! + 1. 
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Problem 59 
Let ху = 2 and 
que z? — Tn + 1, 
for n > 1. 
Prove that 
1 І < = + = Tc І <1- : 
92-1 ` т) € 3 227 


Solution 59 
Since ту = 2 and 
n41 — l mo. 
Tn İs increasing. 
Then z, — 1 Z 0. 


Hence 
1 1 1 1 


En41 — 1 Е use ui Жы 
or 


which implies that 


1 1 1 1 
—+—+::+— =1-—. 
71 T2 In Z4541 — 1 


Thus it suffices to prove that, for n € N, 


1 1 1 
d cb QN ee істі 
Or P 
95. Cem y s 2°, (1) 


We use induction to prove (1). 


For n = 1, zə = z2 — xı + 1 = 3 and (1) becomes 2 < 3 < 4, which is 
true. 


Now suppose that (1) is true for some positive integer n = k, i.e., 
2 < zk -1 < 22. (2) 
Then for n = k + 1, the lower bound of (1) follows from 


к-1 k-1 k 
Tk+2 — lc Tk+1[(Tk+1 = 1) > 2? : 22 =), 
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Since zk+1 is an integer, the lower bound of (2) implies that 
2” д^ 
ткр < 2° and тур - 1€ 27 — 1, 
from which it follows that 
binc] eer pce. (27 = 1) c0 


as desired. 


This finishes the induction and we are done. 


Problem 60 [Iran 1997] 


Suppose that f : Rt — Rt is a decreasing function such that for all 
z,yeRt, 


f(x + у) + fF 2) + f(y)) = FF (@ + f(y)) + Fly  f(x))). 


Prove that f(f(x)) = 2. 
Solution 60 
Setting y = x gives 
f (2x) + f(2f(x)) = f(2f(x + f(z))). 


Replacing z with f(x) yields 
f(2f(x)) + f(2f(f(x)) = f(2f (x) + F(F(2))))- 


Subtracting these two equations gives 


F(2F(F(2))) - Fx) = f(2f(f(x) + FF(2)))) — f (2f(z + f(z))). 


If f(f(xz)) > z, the left hand side of this equation is negative, so 


fifa) + f(f(x)) > Fla + f(z) 
and 
f(x) + f(f(z)) < z + f(z), 
a contradiction. A similar contradiction occurs if f(f(z)) < 2. 
Thus f(f(z)) = z as desired. 


Comment: In the original formulation f was meant to be a continous 
function. The solution above shows that this condition is not necessary. 
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Problem 61 [Nordic Contest 1998] 
Find all functions f : Q — Q such that 


f(x у) + flz-y) = 2f(z) + 2/(у) 
for all z,y € 0. 


Solution 61 


The only such functions are f(z) = kz2 for rational k. Any such function 
works, since 


f(z + у) + f(z —u) = k(z + y) + k(z — y)! 
= kr? + 2kzy + ky? + kz? — 2kzy + ky? 
= 2kz? + 2ky* 
= 2}(х) t 2f(y). 


Now suppose f is any function satisfying 


f(x у) f(x — y) = 2f(x) + 2f(y). 


Then letting т = y = 0 gives 2/(0) = 4f(0), so f(0) = 0. 
We will prove by induction that f(nz) = n? f(z) for any positive integer 
n and any rational number z. 


The claim holds for n = 0 and n = 1; let n > 2 and suppose the claim 
holds for n — 1 and n — 2. 


Then letting z = (n — 1)z, y = z in the given equation we obtain 


f(nz) + f((n 2)2) = f((n — 1)z + z) + f((n — 1)z — 2) 
= 2f((n — 1)2) + 2f(z) 
SO 
f(nz) = 2f((n — 1)z) + 2f(z) — f((n — 2)z) 

= 2(n - 1)* f(z) + 2f(z) - (n - 2)* f(z) 

= (2n? — 4n 4-2 + 2 п? + 4n — 4) f (z) 

=n’ f(z) 
and the claim holds by induction. 
Letting z = 0 in the given equation gives 


fly) + /(—у) = 2f(0) + 2f(v) = 2f(y), 


so f(—y) = f(y) for all rational y; thus f(nz) = n?f(z) for all integers 
n. 
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Now let k = f(1); then for any rational number z = p/q, 


д f(x) = f(qz) = f(p) = P f(1) = kp? 
so 
f(x) = Кр? /4° = kat. 
Thus the functions f(x) = kr?, k О, are the only solutions. 
Problem 62 [Korean Mathematics Competition 2000] 


Let 3 <a < 1. 
Prove that the equation 


z3(z + 1) = (z + a)(2z + a) 
has four distinct real solutions and find these solutions in explicit form. 


Solution 62 


Look at the given equation as a quadratic equation in a: 
а? + 3za + 22? — z? — т* = 0. 
The discriminant of this equation is 


91? — 8z2 + 4zŠ + 4z1 = (х + 2z2)2. 


Thus 

—3z + (z + 212) 

a= — >... 
2 

The first choice a = —z+z2* yields the quadratic equation 2? — z —a = 0, 
whose solutions are 

_ (1+ /1+ 4a) 

< = 
The second choice a = —2z — x? yields the quadratic equation 

2? + 2z + a = 0, 


whose solutions are 


= у. 


The inequalities 


—/144 1l+v1+4 
-1-Vica«-l4 Vica« Уга ve 


show that the four solutions are distinct. 
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Indeed 


— Vl 
-14 vica. 27а 


reduces to 


2У1-а<3-/У1--4а 


which is equivalent to 


6V1+ 4a < 6 + 8a, 


or 3a < 4a?, which is evident. 


Problem 63 [Tournament of Towns 1997] 
Let a, b, and c be positive real numbers such that abc = 1. 


Prove that 
1 1 1 


ы MG шыш, 
ИШГЕ ЖЕТЕ bee ena 


Solution 63, Alternative 1 
Setting z =a + 6, у = b + c and z = c + a, the inequality becomes 


1 1 


— < 1, 
SITES 


1.6. 
1 1 x 
e = Е < | 
y+l z+1 r+1 
l.e. 
у+2+ 2 т 
(у+1)(@+1) x+1 
i.e. 
ху + zz + 2z +у + z + 2 < zz + zt + zz + z, 
1.6. 
--У--2--2 < ту2, 
1.6. 
2(a + b+ c) +2 € (a +b)(b+ c)(c + a), 
1.6. 


2(a + b + c) < a?b + ab? + b°c + bc? + c2a + са?. 
By the AM-GM inequality, 


(a2b + а?с + 1) > 3Va*bc = За. 
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Likewise, 
(b2c + b?a + 1) > 3b 


and 
(c^a + c?b + 1) > 3с. 


Therefore we only need to prove that 


2(a + b+ c) - 3 € 3(a + b + с), 


3 « a 4 b 4 c, 
which is evident from AM-GM inequality and abc — 1. 
Solution 63, Alternative 2 
Let a = а,Ь = bj, с = cj. Then a,b,c; = 1. Note that 
a? + 03 — a2b, — a,b? = (a; — bı )(a? — b?) > 0, 
which implies that 
a? + b? > a,b; (a1 + bi). 
Therefore, 


1 1 
a+b+1 a34+b3 + алыс 


1 
aıbılaı + b1) + aıbıcı 


IN 


aıbıcı 
aibi(ai + bi + c1) 


Сі 
aa +6, +o 
Likewise, 
1 < G1 
b+c+1 a, +bı + с 


and 
1 b, 


с+а+1 a +b +cı 
Adding the three inequalities yields the desired result. 
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Problem 64 [AIME 1988] 


Find all functions f, defined on the set of ordered pairs of positive inte- 
gers, satisfying the following properties: 


Қа,т)-т, Қт,у)- Ңу,т), (z cv) f(x у) = у/(т,х + у). 


Solution 64 


We claim that f(x,y) = Icm(z,y), the least common multiple of x and 
y. It is clear that 
Icm(z, х) = x 


and 
lem(z, у) = lem(y, z). 
Note that 
le(s y) ees 
gcd (x, y) 
and 


gcd (x, y) = gcd (z, z + y), 


where gcd (u, v) denotes the greatest common divisor of u and v. Then 


Е a 
(z +y)lem(z,y) = (x+y): gcd (х, y) 
x(x +y) 


xi gcd (x, x + y) 


=  ylem(z, x +y). 


Now we prove that there is only one function satisfying the conditions of 
the problem. 


For the sake of contradiction, assume that there is another function 
g(x,y) also satisfying the given conditions. 


Let S be the set of all pairs of positive integers (z, y) such that f(z,y) Z 
g(x,y), and let (m, n) be such a pair with minimal sum m +n. It is clear 
that m # n, otherwise 


f(m,n) = f(m,m) = m = g(m, m) = g(m,n). 
By symmetry (f(x,y) = f(y, x)), we can assume that n — m > 0. 
Note that 


[m + (n-m) f(m, n-m) 
(n — m)f(m, m + (n — m)) 
(n — m)f(m,n) 


nf (m,n — m) 


| 
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or 


f(m,n - m) = mf (m,n). 


Likewise, 


g(m,n — m) = 


Since f(m, п) # g(m,n), f(m,n — m) # g(m,n - m). 
Thus (m,n — m) € S. 
But (m,n — m) has a smaller sum m + (n — m) = n, a contradiction. 


Therefore our assumption is wrong and f(x,y) = lcm(z, y) is the only 
solution. 


Problem 65 [Romania 1990] 
Consider n complex numbers 2,, such that |z| € 1, k = 1,2,...,n. 


Prove that there exist eı,e2,...,en € (—1, 1] such that, for any m < n, 


ley 21 +&2+''+ N < 2. 


Solution 65 

Call a finite sequence of complex numbers each with absolute value not 
exceeding 1 a green sequence. 

Call a green sequence {z,}?_, happy if it has a friend sequence (е, КК, 
of 1s and —1s, satisfying the condition of the problem. 

We will prove by induction on n that all green sequences are happy. 
For n = 2, this claim is obviously true. 

Suppose this claim is true when n equals some number m. For the case 
of n= m + 1, think of the zk as points in the complex plane. 


For each k, let 2, be the line through the origin and the point corre- 
sponding to zy. Among the lines 1, 02,23, some two are within 60° of 
each other; suppose they аге fa and £s, with the leftover one being £4. 


The fact that la and еҙ are within 60? of each other implies that there 
exists some number eg € {—1,1} such that Z = zu + egzg has absolute 
value at most 1. 

Now the sequence z’,2,,24,25,...,2k+1 is a k-term green sequence, so, 
by the induction hypothesis, it must be happy; let e’, e,, ед, еѕ,...,ек+т 
be its friend. 

Let ea = 1. 

Then the sequence {e;}*}) is the friend of {z; 
complete. 


k+1 


ic]. Induction is now 
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Problem 66 [ARML 1997] 


Find a triple of rational numbers (a,b,c) such that 
V V2 —1- Yat Vb + Ус. 


Solution 66 
Let z = V #2 — 1 and y = V2. Then y? = 2 and z = %y-1. Note that 


1= 1° — 1 = (у — 1)(y? +y + 1), 


and 
3⁄2 + З З 3 +312 + 3 1 1)? 
даа фа ОИС ш rl Web, 
3 3 3 
which implies that 
1 3 
3 
T `= —] = —_ = —— 
d у2+у+1 (y+1) 
Or 
an (1) 
yt] 


On the other hand, 
З= у +1=(yt+ (y^ — y * 1) 


from which it follows that 


1  y^-y-cl 
y+1 3 7 


Combining (1) and (2), we obtain 


=] (44- ға). 


4 21 
(a, b, c) = (5-35) 


Consequently, 


is a desired triple. 
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Problem 67 [Romania 1984] 


Find the minimum of 


1 1 1 


where 21, £2,..., Zn are real numbers in the interval (i, 1). 


Solution 67 


Since log, z is a decreasing function of x when 0 < a < 1 and, since 
(z — 1/2)? > 0 implies z2 > z — 1/4, we have 


log Zk41 


l 2 
log,., ЕС - i) > log,, хрр = 2log,, 241 = 2 Be, 


It follows that 


1 1 1 
log, Е 77 1) + log... Е = т) ap heer log... Е == z) 


] ] ] | 
p (108622 ,logza , | losen | logzi 
logz, log 2х2 logxn-ı logz, 


> 2n 


by the AM-GM inequality. 
Equalities hold if and only if 


T1 к= ро = eS el 


Problem 68 [AIME 1984] 


Determine т? + y? + 22 + ш? if 


т2 y? z2 102 Е 
22 T 22 — 32 + 9255 tya 1 
т2 y? 22 12 
Dogg gtp gg n-b 
т? y? 22 w? Е 
66—17 62—32 61—55 16—11° 
т? y? 22 12 


Pp pie geist yop” 


82 4. Solutions to Advanced Problems 


Solution 68 


The claim that the given system of equations is satisfied by 22, y?, z?, 
and w? is equivalent to claiming that 


т2 y? 22 1/2 


pp теті теңей pat Ч) 


is satisfied by t = 4, 16, 36, and 64. 


Multiplying to clear fractions, we find that for all values of t for which it 
is defined (i.e., t Æ 1,9, 25, and 49), (1) is equivalent to the polynomial 
equation 


where 


P(t) = (t — 1)(t — 9)(t — 25)(t — 49) 
—a?(t — 9)(t — 25)(t — 49) — y? (t — 1)(t — 25)(t — 49) 
—z?(t — 1)(t — 9)(t — 49) — w*(t — 1)(t — 9)(t — 25). 


Since deg P(t) = 4, P(t) = 0 has exactly four zeros t = 4,16, 36, and 64, 
i.e., 
P(t) = (t — 4) (t — 16) (t — 36) (t — 64). 


Comparing the coefficients of t? in the two expressions of P(t) yields 
1 + 9 + 25 + 49 + z? +y? +2? +w? = 4 + 16 + 36 + 64, 
from which it follows that 


т? + у? + г? + ш? = 36. 


Problem 69 [Balkan 1997] 
Find all functions f : R — R such that 


f(zf(z)+ f(y)) = (f(2)? +y 
for all x,y € R. 
Solution 69 
Let ҚО) =a. Setting т = 0 in the given condition yields 
f(f(y)) = а? +y, 


for ally € R. 


Since the range of a? +y consists of all real numbers, f must be surjective. 
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Thus there exists b € R such that f(b) = 0. 


Setting z = b in the given condition yields 


f(f(y)) = f(bf(b) + /(у)) = (F(0))? + = v. 


for all y € R. It follows that, for all z, y € R, 


(f(z)) +y = f(xf(z) + Қу) 
= fff) + f(u)] = flf(z)f(f(z)) + y] 
= ff)’ + у = z^ +y, 
that is, 
(f(z)) = а^. (1) 
It is clear that f(x) = x is a function satisfying the given condition. 


Suppose that f(x) Z z. Then there exists some nonzero real number c 
such that f(c) = —c. Setting z = cf(c) + f(y) in (1) yields 


[/ (cf (c) + FW)? = [cf(c) + f(y)? = [7c + f(y)’, 


for all y € R, and, setting x — c in the given condition yields 


/(с/ (с) + f(y)) = FO’ +у = с жу, 


for all y € R. 
Note that (f(y))? = y*. 
It follows that 
[—c* + f(y)? = (€ + у)?, 
or 
fly) --у 
for all y € R, a function which satisfies the given condition. 


Therefore the only functions to satisfy the given condition are f(x) = z 
or f(x) = —z, for z € R. 


Problem 70 

The numbers 1000, 1001,---,2999 have been written on a board. 

Each time, one is allowed to erase two numbers, say, a and b, and replace 
1. 

them Бу the number 5 min(a, b). 


After 1999 such operations, one obtains exactly one number c on the 
board. 


Prove that c < 1. 
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Solution 70 


By symmetry, we may assume a < b. Then 
L. 
= min(a, b) = > 


We have 


< 


from which it follows that the sum of the reciprocals of all the numbers 
on the board is nondecreasing (i.e., the sum is a monovariant). 


At the beginning this sum is 


|] - ® 1 T 1 el 
~ 1000 1001 2999 — с’ 


where 1/c is the sum at the end. Note that, for 1 € k « 999, 


1 " 1 |... 4000 „ 4000 — 1 
2000 —k 2000 +k  20002— k2 ^ 20002 1000 


Rearranging terms in Š yields 
C = 1000 1001 ` 2999 1002 2998 


1 
+ {тув + xxi) P 2000 


1 
> Um x I000 = 2000 eu 


or c < 1, as desired. 
Problem 71 [Bulgaria 1998] 


Let а1,42,...,а, be real numbers, not all zero. 


Prove that the equation 
yl+azr+ Vl+axz+:: + Vl1+a,z = п 


has at most one nonzero real root. 


Solution 71 
Notice that fi(z) = /1 + a,z is concave. Hence 


f(z) = М1 + ал+ + у fanz 
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Is concave. 


Since f'(x) exists, there can be at most one point on the curve y = f(x) 
with derivative 0. 


Suppose there is more than one nonzero root. 


Since x = 0 is also a root, we have three real roots ту < 72 < хз. Ap- 
plying the Mean-Value theorem to f(x) on intervals [z1, £2] and [z2, x3], 
we can find two distinct points on the curve with derivative 0, a contra- 
diction. 


Therefore, our assumption is wrong and there can be at most one nonzero 
real root for the equation f(x) = n. 


Problem 72 [Turkey 1998] 
Let {an} be the sequence of real numbers defined by a; = t and 


алал = 4a, (1 — an) 


for n > 1. 
For how many distinct values of t do we have а1998 = 0? 
Solution 72, Alternative 1 
Let f(z) = 4z(1 — z). Observe that 
f~*(0) = {0,1}, f (0-24/2, f (0,1) = [0,1], 

and |{y : f(y) = x}| = 2 for all z € [0, 1). 
Let A, = (z € R : f"(x) = 0}; then 

Anti = {xER: f(z) = 0} 
{x € R: f^(f(z)) =0} = (z € R: f(x) € An}. 


We claim that for all n > 1, A, C [0,1], 1 € An, and 


Ale: 
For n = 1, we have 
A, = (z € R| f(x) 20) = {0,1}, 


and the claims hold. 
Now suppose n > 1 and A, C [0,1], 1 € An, and |A„| = 2°”! +1. Then 


z € Аһ+ > f(x) € An C [0,1] > z є [0,1], 


SO An+1 С |0, 1]. 
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Since f(0) = f(1) = 0, we have /"+!(1) = 0 for all n > 1, so 1 € A441. 
Now we have 


|Аһы| = Ке: f(x) € An} 
= У Ке: f(z) = а) 
ае А, 
= |г:ҚБҚа)-ІНе > (z: fz) =a} 
ае А, 
ае(0,1) 
= 1+), 2 
ае А, 
a€[0,1) 
= 1+2(|A,|-1) 
= 142(2^7!41-1) 
= 241, 


Thus the claim holds by induction. 

Finally, а1998 = 0 if and only if f!9??"(t) = 0, so there аге 21996 + 1 such 
values of t. 

Solution 72, Alternative 2 


As in the previous solution, observe that if f(x) е [0,1] then z € (0,1), 
so if @i99g = 0 we must have t c [0, 1]. 


Now choose 0 € [0, 7/2] such that sin 0 = vt. 
Observe that for any % € R, 


f (sin? 9) = 4sin? $ (1 — sin? 9) = 4sin2 $ cos? ф = sin? 29; 


since aı = sin? 0, it follows that 


аг = sin220, аз = sin240,...,ayggs = sin“ 219979 
Therefore 
a — 0 «= 5їп2!9970—0 — 9 = L 
1998 — ==, Е 91997 


for some k € Z. 


Thus the values of t which give а1998 = 0 are 
sin? (kr /21997), 


k € Z, giving 21996 + 1 such values of t. 
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Problem 73 [IMO 1997 short list] 
(a) Do there exist functions f : R — R and д: R — R such that 
f(g(z))=2° ала g(/(z)) = z° 
for all z € R? 
(b) Do there exist functions f : R — R and д: R — R such that 
f(g(z))=2° and g(/(z))= z 
for all z € R? 
Solution 73 
(а) The conditions imply that f(x?) = f(g(f(x))) = [f(z)]2, whence 
z € {-1,0,1} = 22 = z = f(z) = [/(х))? = f(x) e (0,1). 
Thus, there exist different a,b € {-1,0,1} such that f(a) = f(b). 
But then a? = g(f(a)) = g(f(b)) = b?, a contradiction. 


Therefore, the desired functions f and g do not exist. 


(b) Let 
|zniel if|z| > 1 
g(z)= < klriel 10 <|z|<1 
0 if x = 0. 
Note that g is even and |a| = |b| whenever g(a) = g(b); thus, we 


are allowed to define f as an even function such that 
f(x) = y^, where y is such that g(+y) = 2. 


We claim that the functions f, 0 described above satisfy the condi- 
tions of the problem. 


It is clear from the definition of f that f(g(xz)) = 22. 
Now let y = y f(x). 
Then g(y) = x and 
((Қа) = gly’) 
(y2)n?) = yalny — CUN ify>1 


- (у2)- In”) = (y- nv) x 0<у<1 
0 iy = 0 
ig (y)]^ 


= z^. 
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Problem 74 [Weichao Wu] 
Let 0 <a; <ag::: <an, 0 < bı <ba2---<b„ be real numbers such that 


э Ру 


4--1 


Suppose that there exists 1 < k < n such that b; < a, for 1 € + < k and 
b; > a, for i > k. 


Prove that 
ац42--а,>656-. bn. 


Solution 74, Alternative 1 


We define two new sequences. For 2 = 1,2,...,n, let 
a, = ак and b; = Dar 
a, 

Then i 

a; — b: = ak — 2 = “(шш 

а, а; 
or қ 
(a, — B) — (a; bi) = еселе, 

Therefore 


na, =a, +a +: +а, >b +b, +: +b. 


Applying the AM-GM inequality yields 


bib BEL k 7 ” 1! / b; + ; 
(eek) = (bibh bt) < b tbt: +b, < а} 

ауада» п 
from which the desired result follows. 
Solution 74, Alternative 2 
We define two new sequences. For i=1,2,...,n, let 

a, = ak and b; = b; + ak — a, > 0. 
Then 
b) boob < nak. (1) 


Note that, for cy(z — y)(y + c) > 0, 


Tc 
y +c 


8 


> 


, Z > yand c > 0: 


< | 8 
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Setting z = a;, y = bj, and c = ар — aj, the above inequality implies that 
a;/b; > a;[b;, for i= 1,2,...,n. Thus, 


i 


d102:::04 у aa: a, 


biba- -bn ~ bibh- -b (2) 


Using (1) and the AM-GM inequality yields 


NET. + +h 
Raul EI 
T, 


(ajah: al)” =a > (bb, b1)? 


or 
a105:::0, > bibo: bh. (3) 


It is clear that the desired result follows from (2) and (3). 


Problem 75 
Given eight non-zero real numbers a1,a2,:::,aa, prove that at least one 
of the following six numbers: ааз + ахад, aras + а246, атат + азаз, 
0305 + 0446, азат + ада, 0507 + аваз is non-negative. 
Solution 75 [Moscow Olympiad 1978] 
First, we introduce some basic knowledge of vector operations. 
Let u = [a,b] and v = [m, n] be two vectors. 
Define their dot product и · v = am + bn. 
It is easy to check that 
(1) v.v = m? +n? = |v|2, that is, the dot product of vector with itself 


is the square of the magnitude of v and v : v > 0 with equality if 
and only if v — [0,0]; 


(1) u-v=v-u; 
(ii) u-(v+w) =u-v+u-w, where w is a vector; 
(iv) (cu): v = c(u- v), where c is a scalar. 


When vectors u and v are placed tail-by-tail at the origin O, let A and 
B be the tips of u and v, respectively. Then AB=v-u. 
Let ZAOB = 0. 


Applying the law of cosines to triangle AOB yields 
у-и? = AB? 


OA? + OB? — 20А. OBcos0 
jul? + |v|? — 2|u||v| cos 6. 
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It follows that 


(v—u):(v—u)=u:u+v-:-v- 2|u||v| сов0, 


Or nv 
cos 0 = ——. 
ШІМ 
Consequently, if 0 < 0 < 90°, u-v > 0. 
Consider vectors Уі = |а1,42|,У2 = [a3,a4], va = [a5,ae], and v4 = 
(ат, as]. 


Note that the numbers aıa3 4- 4204, aras --а246, аат + ааз, asas +aaas, 
азат + а4аз, а5ат + asas are all the dot products of distinct vectors vj 
and Vj. 


Since there are four vectors, when placed tail-by-tail at the origin, at 
least two of them form a non-obtuse angle, which in turn implies the 
desired result. 


Problem 76 [IMO 1996 short list] 
Let a, b and c be positive real numbers such that abc = 1. 
Prove that 


ab " bc a ca 23 
а5 + 65 +ab 5 + с 4-bc с +а5 + са — 


Solution 76 
We have 

a? + b? > a?b*(a + b), 
because 

(а? — b^)(a* — b^) > 0, 
with equality if and only if a = b. Hence 


ab E ab 
a? --b5--ab ^ a*b*(a+b)+ab 
1 
ab(a + b) + 1 
abc 
ab(a + b + c) 
mr 
a+b+c 
Likewise, 
bc a 
NEN nm gig = 
b + с +bc a+b+c 
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and 
ca b 


— € A a 5. 
e+a°+ca a+b+c 
Adding the last three inequalities leads to the desired result. 
Equality holds if and only ifa =b = с = 1. 


Comment: Please compare the solution to this problem with the 
second solution of problem 13 in this chapter. 


Problem 77 [Czech-Slovak match 1997] 
Find all functions f : R — R such that the equality 


f(f(z) +u) = f(x? — у) + Af(z)y 
holds for all pairs of real numbers (z, y). 


Solution 77 
Clearly, f(x) = x? satisfies the functional equation. 


Now assume that there is a nonzero value a such that f (a) Z a°. 


z^— f(x) 
2 


Let y — in the functional equation to find that 


s (LOSE) = 5 (LOSE) «aree? - re 


or 0 = 2f (x)(x? — f(x)). Thus, for each z, either f(x) = 0 or f(x) = x“. 
In both cases, f(0) = 0. 

Setting z = a, it follows from above that either f(a) = 0 or f(a) = 0 or 
f(a) = а?. 

The latter is false, so f(a) = 0. 

Now, let x = 0 and then z = a in the functional equation to find that 


fu) = (у), fy) = Fla - у) 


and so 
f(y) = f(-y) = f(a? + у); 
that is, the function is periodic with nonzero period a“. 


Let у = а? in the original functional equation to obtain 
ff (z)) = f(f(z) + а?) = f(2* — а?) + 4a? f(x) = Қа?) + 407 f (z). 


However, putting y = 0 in the functional equation gives f(f(x)) = f(x“) 
for all z. 
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Thus, 4a? f(x) = 0 for all x. Since a is nonzero, f(x) = 0 for all z. 
Therefore, either f(x) = 2? or f(x) = 0. 


Problem 78 [Kvant] 


Solve the system of equations: 


3r—7 | 

MUT = 
ELE, o 

y 12 + y? S 


Solution 78, Alternative 1 


Multiplying the second equation by ? and adding it to the first equation 
yields 
(32 - y) – (z +3y)i — 


3, 
т? Ела y? 


Z + у + 


or 
3(r— yi) ¿(z -yi) 

neh ыл u 
+ у + PENT qp 


Let z = z + yi. Then 


E 
z а2-у2 
Thus the last equation becomes 
а 
z+ aS 3, 
2 
Or 
2? – 3z + (3—1) = 0. 
Hence 


mes 3tV-3+4 34(1+ 21) 
u 2 u 2 | 
that is, (x,y) = (2,1) or (x,y) = (1, —1). 
Solution 78, Alternative 2 
Multiplying the first equation by y, the second by z, and adding up yields 
(3x — y)y — (z + 3y)z 

дту + | = Зу, 

or 2zy — 1 = Зу. It follows that y £ 0 and 


Зу + 1 


ду 
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Substituting this into the second equation of the given system gives 
Зу +1 4 2 Зу + 1 
- — Зу = 0 
| 2y ze | | 2у — 


4y^ – 3⁄2 — 1 = 0. 


Or 


It follows that y? = 1 and that the solutions to the system are (2,1) and 
(1, —1). 


Problem 79 [China 1995] 
Mr. Fat and Mr. Taf play a game with a polynomial of degree at least 4: 


т?" qon Шы. шй СО pdt 


They fill in real numbers to empty spaces in turn. 


If the resulting polynomial has no real root, Mr. Fat wins; otherwise, Mr. 
Taf wins. 


If Mr. Fat goes first, who has a winning strategy? 


Solution 79 
Mr. Taf has a winning strategy. 


We say a blank space is odd (even) if it is the coefficient of an odd (even) 
power of z. 


First Mr. Taf will fill in arbitrary real numbers into one of the remaining 
even spaces, if there are any. 


Since there are only n — 1 even spaces, there will be at least one odd 

space left after 2n — 3 plays, that is, the given polynomial becomes 
p(t) = (х) +", 

where s and 2t — 1 are distinct positive integers and q(x) is a fixed 


polynomial. 
We claim that there is a real number a such that 
p(x) = q(z) tax’ -- ҰС! 
will always have a real root regardless of the coefficient of x**!. 


Then Mr. Taf can simply fill in a in front of zx? and win the game. 
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Now we prove our claim. Let b be the coefficient of 2°"! in p(x). Note 
that 


zc) + P(-1) 


2 (aer uL ) + [4(—1) + (-D*a - 6 


— (mat? + a(-))  a[25-?**! + (—1)7]. 


Since sZ 2t — 1, 2*7 ?**! 4 (—1)* Z 0. 
Thus i 
52-1412) + q(-1) 
25-2141 4 (Т) 


is well defined such that a is independent of b and 


эз=тР\?) t p(-1) = 0. 

It follows that either p(—1) = p(2) = 0 or p(—1) and p(2) have different 
signs, which implies that there is a real root of p(x) in between —1 and 
2. 

In either case, p(x) has a real root regardless of the coefficient of z 
as claimed. 


2t—1 
; 


Our proof is thus complete. 


Problem 80 [IMO 1997 short list] 


Find all positive integers k for which the following statement is true: if 
F(x) is a polynomial with integer coefficients satisfying the condition 


0< F(c)<k for c=0,1,...,k + 1, 
then F(0) = F(1) =---= F(k +1). 
Solution 80 
The statement is true if and only if k > 4. 
We start by proving that it does hold for each k > 4. 


Consider any polynomial F(x) with integer coefficients satisfying the 
inequality 0 < F(c) < k for each c € {0,1,...,4 +1}. 

Note first that F(k + 1) = F(0), since F(k + 1) — F(0) is a multiple of 
k + 1 not exceeding k in absolute value. 


Hence 


F(x) — F(0) = z(z — k — 1)G(x), 
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where G(z) is a polynomial with integer coefficients. 


Consequently, 
k > |F(c) - F(0)| = e(k + 1 — c)|G(c)| (1) 


for each ce {1,2,...,k}. 

The equality c(k + 1 — c) > k holds for each ce {2,3,...,k — 1}, as it is 
equivalent to (c — 1)(k — c) > 0. 

Note that the set {2,3,...,k — 1} is not empty if k > 3, and for any c in 
this set, (1) implies that |G(c)| < 1. 

Since G(c) is an integer, G(c) = 0. 

Thus 


F(x) — Е(0) = x(a – 2)(x — 3) ---(x—k + 1)(z —k-—1)H(z), (2) 


where H(z) is a polynomial with integer coefficients. 

To complete the proof of our claim, it remains to show that H(1) = 
H(k) = 0. 

Note that for c= 1 and c = k, (2) implies that 


k > |F(c) — F(0)| = (k – 2)! - k - |H(o)|. 


For k > 4, (k — 2)! > 1. 
Hence Н (с) = 0. 
We established that the statement in the question holds for any k > 4. 


But the proof also provides information for the smaller values of k as 
well. 

More exactly, if F(x) satisfies the given condition then 0 and k + 1 are 
roots of F(x) and F(0) for any k > 1; and if k > 3 then 2 must also be 
a root of F(x) — F(0). 

Taking this into account, it is not hard to find the following counterex- 
amples: 


F(x) = z(2 — z) for k = 1, 
F(x)=ı(3- x) for k = 2, 
F(x) = z(4 —z)(z —2)2 for k = 3. 


96 4. Solutions to Advanced Problems 


Problem 81 [Korean Mathematics Competition 2001] 


The Fibonacci sequence Fn is given by 


Е = F> = 1, Fn+2 = Frei + Fy (n € N). 


Prove that : А 
Fon = Prid Ї?з-2 ора 
9 
for all n > 2. 
Solution 81 
Note that 


Fonte — 3Fan = Fongi — 2Fan = Fan-ı — Fan = —Fon-a, 


whence 
ЗЕ on — Fan+2 — Fan-2 = 0 (1) 


for alln > 2. 
Setting a = 3Fon,b = -F2n+2, and c = —F54. 2 in the algebraic identity 
a? + bŠ + c? — 3abc = (a + b + c)(a2 +b? + c? — ab — bc — ca) 


gives 
27F5, — Е, — F3 2 — Еф Рп Еп = 0. 


Applying (1) twice gives 


Fon42Fon—-2 — ЕЁ, = (ЗЁз„ — Fon—2)Fon-2 — Ер 
= Fon(8Fon-2 = Fan) = (2 ND = Fonfan-4 Е Fan-2 
=... =-kR-F=-1 


The desired result follows from 


9Fan+2FanFan-2 — ЕЎ, = 9Fon(Fon+2Fən-2 — F2,) = —9F on. 
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Problem 82 [Romania 1998] 


Find all functions и: R — R for which there exists a strictly monotonic 
function f : R — R such that 


Кх y) = f(z)u(y) + Fly) 
for all z,y € R. 
Solution 82 
The solutions are u(x) = a”, a € R*. 


To see that these work, take f(x) = z for a= 1. 
If a #1, take f(x) = а= — 1; then 


/(® +y) = а — 1 = (a° — Dat +a” — 1 = f(z)u(y) + /@) 


for all z, y € R. 


Now suppose и: R — R, f : R — R are functions for which f is strictly 
monotonic and f(z + y) = f(x)u(y) + f(y) for all z, y € R. 


We must show that u is of the form u(x) = а“ for some а € R*. First, 
letting у = 0, we obtain f(x) = f(z)u(0) + f(0) for all z € R. 

Thus, u(0) # 1 would imply f(z) = f(0)/(1 — u(0)) for all x, which 
would contradict the fact that f is strictly monotonic, so we must have 
и(0) = 1 and f(0) = 0. 

Then f(x) £ 0 for all z Z 0. 


Next, we have 


f(z)u(y) + fly) = f(x +y) = f(x) + f(y)u(z), 
Or 
f(z)(u(y) — 1) = f(y)(u(z) — 1) 
for all x,y € R. That is, 


u(r)—1  u(y)-1 


for all ту Z 0. 
It follows that there exists C € R such that 
u(r)—1 ` 
f(x) 


for all x £ 0. 
Thus, u(x) = 1+ C f (z) for x £ 0; since u(0) = 1, f(0) = 0, this equation 
also holds for z = 0. 
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If C = 0, then u(x) = 1 for all т, and we are done. 


Otherwise, observe 


ucz+y) = 1+Cf(e+y) 

= 1+Cf(z)uly) + C f(u) 

= uly) + Cf(Z)u(y) 

= u(r)u(y) 
for all z, y € R. 
Thus u(nz) = u(x)” for all n € Z, z € R. 
Since u(x) = 1 + Cf(x) for all z, u is strictly monotonic, and u(-r) = 
1/и(х) for all z, so u(x) > 0 for all z as u(0) = 1. 
Let a = u(1) > 0; then u(n) = a” for all n € N, and 


u(p/q) = (u(p))!/4 = aP/« 


for all p € Z, q EN, so u(x) = a?” for all z € Q. 


Since u is monotonic and the rationals are dense in R, we have u(x) = a” 
for all z € R. 


Thus all solutions are of the form u(x) = a”, a € К+. 


Problem 83 [China 1986] 


Let 21, 22,..., Zn be complex numbers such that 
21| + || +: dz | = 1. 
Prove that there exists a subset S of (21,22,..., Zn} such that 


> z 


265 


Bc 
6 


Solution 83, Alternative 1 


Let £1, £5, and £3 be three rays from origin that form angles of 60°, 180°, 
and 300°, respectively, with the positive r-axis. 


For i = 1,2,3, let R; denote the region between Z; and Z;,; (here £4 = 61), 
including the ray £;. Then 


1= Y oe Y alt X ta 
zk €Rj zk € R3 zk € Ra 


By the Pigeonhole Principle, at least one of the above sums is not less 
than 1/3. 
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Say it's R3 (otherwise, we apply a rotation, which does not effect the 
magnitude of a complex number). Let zk = £k + їук. Then for 2, € R3, 
Ik = |zk| > |гк | /2. 


Consequently, 
1 1 1 
> z >| > т>; ) [Pb ie ааа 
2ьЕТіз zkER3 ZkER3 
as desired. 
Solution 83, Alternative 2 
We prove a stronger statement: there is subset S of { 21, 22,..., 22} such 
that 
1 
2227 
265 


For 1 < k < n, let zk = £k + tk. Then 


1 [zi] + |z2| +: + [znl 


(i| + 1820) + (121 dual) ++ (zs | + lus 


> ||+ > 151+ > 101+ У lul. 


т.>0 т.<0 ук>0 Yk <0 


IN 


By the Pigeonhole Principle, at least one of the above sums is not less 
than 1/4. By symmetry, we may assume that 


Consequently, 


Comment: Using advanced mathematics, the lower bound can be 
further improved to 1/7. 


Problem 84 [Czech-Slovak Match 1998] 


A polynomial Р(х) of degree n > 5 with integer coefficients and n distinct 
integer roots is given. 


Find all integer roots of P(P(z)) given that 0 is a root of P(x). 
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Solution 84 


The roots of Р(т) are clearly integer roots of P(P(z)); we claim there 
are no other integer roots. 


We prove our claim by contradiction. Suppose, on the contrary, that 
P(P(k)) = 0 for some integer k such that P(k) Z 0. 


Let 
Р(х) = a(x —ri)(z —rə)(z — 73) +++ (£ — r4), 


where a,rı,r2,...,rn are integers, 
ry = 0 < || < |73| <>: ln. 


Since P(k) # 0, we must have |k — r;| > 1 for all 1. 
Since the r; are all distinct, at most two of |k — т, |k —rs|,|k — r4| equal 
1, so 


la(k —r2):: (К — rn-1)| > |а||К — r2||k — rs||k — r4| > 2, 


and |P(k)| > 2|k(k — ть). 
Also note that P(k) = ri, for some io, so |P(k)| < [ra]. 


Now we consider the following two cases: 


1. |k| > |r4,]. Then |P(k)| > 2|k(k — r„)| > 2|k| > |r„|, a contradic- 
tion. 
2. |k| < |rnl, that is, 1 € |k| € |7,|-1. Let a, b, c be real numbers, 


a < b. For z € |а, 6], the function 


f(x) = z(c- z) 


reaches its minimum value at an endpoint т = a or z = b, or at 
both endpoints. 


Thus 
|К(Ё — т„)| = Ikllrn — k| > (Кт — Ikl) > Ir] 1. 
It follows that 
[ra| > |P(k)| 2 2|k(k — т„)| 2 2(|ral — 1), 
which implies that |r„| < 2. Since n > 5, this is only possible if 
Р(х) = (x +2)(z + 1)z(z — 1)(z — 2). 


k| € |7,|, а contra- 


But then it is impossible to have k Z т; and 
diction. 
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Thus our assumption was incorrect, and the integer roots of Р(Р(т)) are 
exactly all the integer roots of Р(х). 


Problem 85 [Belarus 1999] 


Two real sequences 21, 22, ..., and у, yo, ..., are defined in the following 


way: 
T, = 91 = v3, нас = би FALF 


and 


Yn 
Un4-1 = ———-———— 
l+ /1+y2 


for all n > 1. Prove that 2 < tnyn < 3 for all n > 1. 


Solution 85, Alternative 1 


Let zn = 1/y, and note that the recursion for y, is equivalent to 
Zn+1 = Za + Vy 1 + 222. 


Also note that z2 = УЗ = ті; since the x;s and z;s satisfy the same 
recursion, this means that z, = 2,-1 for all n > 1. 


Thus, 
In Ln 
InYn = — = . 
Zn In-1 


12er 


Thus 7, > 27,-1 and z4y4 > 2, which is the lower bound of the desired 
inequality. 


Note that 


Since 2,5 are increasing for n > 1, we have 


Ш 


Thus 3z,_41 > z+, which leads to the upper bound of the desired inequal- 
ity. 

Solution 85, Alternative 2 

Setting т, = со%0, for 0 < 0, < 90° yields 


wl — 


Py сс > 


which implies that 


On 
In+1 = соб, + V 1 + cot? 6, = cot On + csc 0, = cot (5 
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3 о 
Since 0, = 30°, we have in general 0, = = Similar calculation shows 


that 


2 tan 0 
„ = tan(20,) = ——. 
4 ап; 1 — tan? 6, 
It follows that 9 


Since tan 0, Z 0, tan? 0, is positive and InYyn > 2. 


And since for n > 1 we have 0, < 30°, we also have 
1 
tan? 0, < = 
ап 3 
so that InYyn < 3. 


Comment: From the closed forms for 2, and y, in the second solution, 
we can see the relationship 


In-1 


used in the first solution. 


Problem 86 [China 1995] 

For a polynomial P(x), define the difference of Р(х) on the interval [a, b] 
(la, b), (a, b), (a, b|) as P (b) Ex P(a). 

Prove that it is possible to dissect the interval [0, 1] into a finite number 
of intervals and color them red and blue alternately such that, for every 
quadratic polynomial Р(х), the total difference of P(x) on red intervals 
is equal to that of Р(х) on blue intervals. 


What about cubic polynomials? 


Solution 86 
For an interval z, let A;P denote the difference of polynomial P on 4. 


For a positive real number c and a set S C R, let S + c denote the set 
obtained by shifting 5 in the positive direction by c. 


We prove a more general result. 


Lemma 


Let £ be a positive real number, and let k be a positive integer. It is 
always possible to dissect interval 1, = [0, 2^7] into a finite number of 
intervals and color them red and blue alternatively such that, for every 
polynomial P(x) with deg P < k, the total difference of P(x) on the red 
intervals is equal to that on the blue intervals. 
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Proof 
We induct on k. 


For k = 1, we can just use intervals [0, {| and (£,2£]. It is easy to see 
that a linear or constant polynomial has the same difference on the two 
intervals. 


Suppose that the statement is true for k = m, where n is a positive 
integer; that is, there exists a set R, of red disjoint intervals and a set 
В, of blue disjoint intervals such that R, N Bn = 0, Rn U Bn = In, and, 
for any polynomials P(x) with deg P < n, the total differences of P on 
Rn is equal to that of P on By. 


Now consider polynomial f(x) with deg f < n + 1. Define 
g(x) = f(x + 2"£) and h(x) = f(x) — g(z). 


Then deg h < n. By the induction hypothesis, 


> Ah = > А,В, 


b€ B, rERn 
or 
>, Aft ),Arg= > Ad, Ag. 
БЕВ, r€ RA r€ RA r€ BA 
It follows that 
D cde No AE 
ЕВ, +1 rT€R, +1 
where 
Roti =. u (Be T2. 
and Br = B, U (R, tre. 


(If А, and В, ; both contain the number 2", that number may be 
removed from one of them.) 

It is clear that В, |) and Р у form a dissection of J,41 and, for any 
polynomial f with deg f < n + 1, the total difference of f on Ву у is 
equal to that of f on Rp41- 

The only possible trouble left is that the colors in В», , U R,, might not 
be alternating (which can happen at the end of the J, and the beginning 
of In + 2^£). 

But note that if intervals 1] = Jaı,bı] and ia = [b1, ci] are in the same 
color, then | 


A f er A ES Хы], 


where із = [aı,cı]. 


104 4. Solutions to Advanced Problems 


Thus, in B, , JUR; ү ү, we can simply put consecutive same color intervals 
into one bigger interval of the same color. 


Thus, there exists a dissection 
In+1 = Bayi U Ба 


such that, for every polynomial f(x) with deg f < n + 1, 


> Auf = » A, f. 


БЕВ, 1 ТЕН, +1 
This completes the induction and the proof of the lemma. D 
Setting first 2 = 1 and then £ — š in the lemma, it is clear that the 


answer to each of the given questions is “yes.” 


Problem 87 [USSR 1990] 


Given a cubic equation 
z + a + r+ = 0, 


Mr. Fat and Mr. Taf are playing the following game. 


In one move, Mr. Fat chooses a real number and Mr. Taf puts it in one 
of the empty spaces. 


After three moves the game is over. 


Mr. Fat wins the game if the final equation has three distinct integer 
roots. 


Who has a winning strategy? 
Solution 87 


Mr. Fat has a winning strategy. 


Let the polynomial be z? + az? + bz + c. Mr. Fat can pick 0 first. We 
consider the following cases: 


(a) Mr. Taf chooses a = 0, yielding the polynomial equation 
r? +br+c=0. 


Mr. Fat then picks the number —(mnp)?, where m,n, and p are 
three positive integers such that 


m? +n? = p°. 
If Mr. Taf chooses b = —(mnp)?, then Mr. Fat will choose c = 0. 
The given polynomial becomes 


x(x — mnp)(x + ттр). 
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If Mr. Taf chooses c = -(mnp)?, then Mr. Fat will choose 


2 2 


b = т?п? — п2р? — pm’. 
The given polynomial becomes 
(z + т2)(= + n°)(z — p°). 
(b) Mr. Taf chooses b = 0, yielding the equation 
r? + az2 + c = 0. 
Mr. Fat then picks the number 
m?(m + 1)?(m? +m + 1)°, 
where m is an integer greater than 1. 
If Mr. Taf chooses 
a = m?(m + 1)2(т? + m + 1), 
then Mr. Fat can choose 
c = —m?(m + 1)8(т2 +m + 1). 
The polynomial becomes 


(z — mp)[z + (m + 1)p|[z + m(m + 1)p], 


where 
p = m?(m + 1)* (m? +m + 1)*. 


If Mr. Taf chooses 
c = m?(m + 1)* (m? +m + 1)°, 
then Mr. Fat can choose 
a = —(m? +m + 1)°. 
The polynomial becomes 
(z + mq)[z — (m + 1)g][z — m(m + 1)q], 


where 
q = m? +m 4 1. 
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(c) Mr. Taf chooses c = 0. 


Then the problem reduces to problem 40 of the previous chapter. 
Mr. Fat needs only to pick two integers a and b such that 


ab(a — 1)(b — 1) Z 0 
and a +b = —1. 
The polynomial becomes either z(z — 1)(z — a) or x(x — 1)(z — Б). 


Our proof is complete. 


Below is an example of what Mr. Fat and Mr. Taf could do: 


Roots 

— 60, 0, 60 

—16, —9,25 

—8- 27-49, 

-4.27.49, 
8.9.49 

—14, 21,42 


Problem 88 [Romania 1996] 


Let n > 2 be an integer and let f : R? — R be a function such that for 
any regular n-gon A, А2... Án, 


РА) + f(A2) +: + f(An) = 0. 


Prove that f is the zero function. 


Solution 88 


We identify R? with the complex plane and let ç = e?"/r. 


Then the condition is that for any z € C and any positive real t, 
Н ` 
2,fG 10) = 0. 
J=1 
In particular, for each of k = 1,...,n, we obtain 


> f(z-6F +4) =0. 


j=l 
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Summing over k, we have 


S Y fG-üa-eyx*zo 


m=1k=1 


For m = n the inner sum is nf(z); for other m, the inner sum again runs 
over a regular polygon, hence is 0. 


Thus f(z) = 0 for all z € C. 


Problem 89 [IMO 1997 short list] 


Let p be a prime number and let f(x) be a polynomial of degree d with 
integer coefficients such that: 


(i) f(0) =0, f(1) = 1; 


(ii) for every positive integer n, the remainder upon division of f(n) 
by p is either 0 or 1. 


Prove that d> p — 1. 


Solution 89, Alternative 1 
For the sake of the contradiction, assume that d < p — 2. 


Then by Lagrange's interpolation formula the polynomial f(z) is 
determined by its values at 0, 1, ..., p — 2; that is, 


_ у (а DG-k- 1) (z —p+2) 
Ма) = 21% k...1:(—1)::: (k — p+ 2) 
S ray (21) (B= k= 1) (z —p+2) 


| 
23 
2 
8 


ЕЇ(—1)Р—® (рк — 2) 


Setting x = p — 1 gives 


/Ф-1) ee 


1)^k! 
id KE 


II 

IN 
ы” 
= 
Ей 
© 
б. 
З, 


It follows that 
S(f) := f(0) + f(1) ---- + f(p-1) 250 (mod p). (1) 
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On the other hand, (ii) implies that S(f) = ; (mod p), where j denotes 
the number of those k € (0,1,...,p — 1} for which f(k) 21 (mod p). 


But (i) implies that 1 <7 € р- 1. 

So S(f) #0 (mod p), which contradicts (1). 

Thus our original assumption was wrong, and our proof is complete. 
Solution 89, Alternative 2 

Again, we approach the problem indirectly. 

Assume that d < p — 2, and let 


f(x) = ay-2x?7? L... + aix + ao. 


Then 
p-1 p-1p-2 | р-2 p-1 | p-2 
5(/) = > ҚЫ) m УУ ак! = 3 m M = У `a,S;, 
k=0 k=0 2-0 1=0 k=0 1—0 
p-1 
where S; = Ук. 
k=0 


We claim that 5; = 0 (mod p) for alli=0,1,...,p- 2. 

We use strong induction on 2 to prove our claim. 

The statement is true for 2 = 0 as So = p. 

Now suppose that So = S, 2... $;,-0 (mod p) for some 1 < < 
p — 2. Note that 


p p-1 p-1 
0 = pt} = x pn = P» o = У (k ТА pi m ЕЕЕ 
k=1 k=0 k=0 
` ey e udi 
= | e= G+) + ( | )з, 
=0 j=0 J j=0 J 


k 
=(i+1)S; (mod p) 


Since 0 < i-- 1 < p, it follows that 5; = 0 (mod p). This completes the 
induction and the proof of the claim. Therefore, 


p-2 


S(f)= M 05: =0 (mod p). 


1—0 


The rest is the same as in the first solution. 
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Problem 90 


Let n be a given positive integer. 


| I 1 
Consider the sequence ао, Q1,''',Qn with ао = 5 and 


2 
a 
k—1 
Gk = Gk—-1 + ; 
n 


for k = 1,2,---,n. 
Prove that | 
1-- <a, < 1. 
n 


Solution 90, Alternative 1 


We prove a stronger statement: For k = 1,2,...,n, 


il 22 КҮН. ЧЕ (1) 
2n—k+2 Eon Е 


We use induction to prove both inequalities. 
We first prove the upper bound. For k = 1, it is easy to check that 


a-l} 2961. n 
1 2 4n An 2n — 1 
Suppose that 
n 
OE. 


for some positive integer k « n. Then 


акый. = — (n + a) 
1 n 
= xc x) 
_ mn(2n —k t 1) 
u (2n — k)? 
n 
Завет 


(2n Е + 1)(2n — k — 1) = (2n — К)? — 1 < (2n – ky*. 
Thus our induction step is complete. In particular, for k = n — 1, 


T, 


== =s 
2n—(n-1)-1  ' 


An = Gk+1 < 
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as desired. 
Now we prove the upper bound. For k = 1, it is easy to check that 


к an + 1 2 n + 1 
|^ 4n l ntl 
Suppose that 
E +1 
a ———M 
k ncc" 
for some positive integer k « n. Then 
a? п+ 1 (п + 1)? 


cd 2n-—k+2 n(2n— + 2)2 


It follows that 
n+1 n+1 (п--1)2 


oo ы есте ОН Б ee A: 
"k+l зі “  (Mm-ktl)2n-k+2) nOn- k+?) 


nm n+1 2n-k+2 
2n — k + 2»? n 2n— k 1 


= E s жн L ЕЕЕ a Және > 0 
|»  2n-k-2?» \n 2n-k+1 | 
This complete the induction step. In particular, for n = k — 1, we obtain 


п--1 n+ 1 1 1 
— Y= -1- Sis 
2n-(n-1)+1l n+2 n+2 n 


An = Gk+1 > 


as desired. 


Solution 90, Alternative 2 


Rewriting the given condition as 


1 1 п 1 1 


су ш = ———— A ski U T 
Qk а, 1 ak-i(n+ak-i) арға ТП-ақ-1 
ак—1 J —— 


yields 
1 1 1 
--- = —— (2) 


= ? 
Qk-1 ак | nh ct ük-1 


for k = 1,2,...,n. 
It is clear that a&s are increasing. 
Thus 
An > gc >: > ao = 5. 
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Thus (2) implies that 


for k = 1,2,...,n. 


Telescoping summation gives 


1 1 
-----<1 
ао ау 
Or 1 
—»—-122-1-1, 
An ao 


that is, а, < 1, which gives the desired upper bound. 

Since а, < 1, and, since aks are increasing, ; = ao < ak € an < 1 for 
kos ee ааа ТЕ 

Then (2) implies 


tor: om |. 22; 1 m; 


Telescoping sum gives 


1 1 n 
ав An п+ 1 
or 
1 1 n _n+2 
Qn ao n+l n+l? 
that is, 
n+1 1 1 
а, > -1- >1--, 
+2 n+2 n 


which is the desired lower bound. 
Problem 91 [IMO 1996 short list] 
Let а1,а2,...,а, be nonnegative real numbers, not all zero. 


(a) Prove that x” — a4z^7! — ... — Qn-1% — а, = 0 has precisely опе 
positive real root R. 


(b) Let A = 2 ;=1 a; and B = 55. jay. 


Prove that А4 < RB. 
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Solution 91 


(a) Consider the function 


Note that f decreases from oo to 0 as z increases from 0 to oo. 


Hence there is-a unique real number R such that f(R) = 1, that is, 
there exists a unique positive real root R of the given polynomial. 


(b) Let с; = a;/ A. 
Then с;ѕ are non-negative and > c; = 1. 


Since — In z is a convex function on the interval (0, oo), by Jensen’s 


inequality, 
- A — A 
2,9 (5) 2-1 2,9%; = —In(f(R)) = 0. 
J= j= 


[t follows that е 
У c(-InA-jlnR)20 


2-1 

Or p е 
УА < У јо In R 
j=l j=1 


Substituting c, = a;/A, we obtain the desired inequality. 


Comment: Please compare the solution of (a) with that of the problem 
15 in the last chapter. 


Problem 92 


Prove that there exists a polynomial P(x,y) with real coefficients such 
that P(z,y) > 0 for all real numbers z and y, which cannot be written 
as the sum of squares of polynomials with real coefficients. 


Solution 92 


We claim that 


1 
P(x,y) = (х? +y? — 1)22у? + 27 


is a polynomial satisfying the given conditions. 
First we prove that P(x,y) > 0 for all real numbers x and y. 
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If £? + y? — 1 > 0, then it is clear that Р(х,у) > 0; if z?-- y? — 1 < 0, 
then applying the AM-GM inequality gives 


1-22 2 +а2 +у2\? 1 
== 2 _ 2 2 2 < re Ай = 


or 
(22 + y* – 1)z2⁄2 > —— 


It follows that P(x,y) > 0. 


We are left to prove that P(x, y) cannot be written as the sum of squares 
of polynomials with real coefficients. 


For the sake of contradiction, assume that 
nr 
P(x, y) = Y `Q, (z, у)?. 
i=1 


Since deg P = 6, deg Q; < 3. 
Thus 


Оту A;x? + В;т°у + C;xy? + Dy? 
+Е;а? + F;z + Giy? + H,z + Ly + Jj. 


Comparing the coefficients, іп P(x,y) and X, Qi(z, y)?, of terms zŠ 


and y® gives 
n n 
Se- у рї =о 
i-l i-1 


or A; = Р; = 0 for all i. 


Then, comparing those of z^ and у“ gives 


> Е? = y С? = 0, 
2=1 1-1 


or E, = G; = 0 for all 1. 


Next, comparing those of x? and y? gives 


Ун? = 3/7 = 0, 
ı=1 ı=1 


or H; = L. = 0 for all i. 


Thus, 
Q;(z,y) = Biz^y + Сту? + Ету + Ji. 
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But, finally, comparing the coefficients of the term x*y*, we have 


yI =-=], 
1-1 


which is impossible for real numbers Е;. 


Thus our assumption is wrong, and our proof is complete. 


Problem 93 [IMO 1996 short list] 


For each positive integer n, show that there exists a positive integer Kk 
such that 
k = f(z)(z +1)" + g(z)(z2?" +1) 


for some polynomials f,g with integer coefficients, and find the smallest 
such K as a function of n. 

Solution 93 

First we show that such a k exists. 


Note that х + 1 divides 1 — 22". Then for some polynomial a(x) with 
integer coefficients, we have 


(1+ z)a(z) = 1— 22% =2-(1+2*"), 
Or 
2 = (1 + z)a(z) + (1 + z^"). 
Raising both sides to the (2n)*^ power, we obtain 


22% = (1 + x)” (a(x))^" + (1 + z^")b(z), 


where b(z) is a polynomial with integer coefficients. 


This shows that a k satisfying the condition of the problem exists. Let 
ko be the minimum such k. 


Let 2n = 2" . q, where r is a positive integer and q is an odd integer. 
We claim that ko = 242. 


First we prove that 24 divides ko. Let t = 27. Note that z^?" + 1 = 
(xt + 1)Q(z), where 


Q(z) = za) _ 049—2) L... — yt + 1. 


The roots of zt +1 are 


Wm = COS (=) + isin FE), nies] 4st 


4. Solutions to Advanced Problems 115 
that is, 

R(x) = zt! + 1 = (z —w )(x — we) +++ (z — л). 
Let f(x) and g(x) be polynomials with integer coefficients such that 


ko =  f(z)(z-- 1)" c g(z)(z^" +1) 
= f(x)(x +1)" g(z)Q(z)(z' + 1). 


It follows that 
f(Wm)(Wm +1)" = К, 1<т<і. (1) 
Since r is positive, t is even. So 


2 = R(-1) = (1 + o3)(1 + wa) ... (1 + ut). 


Since f (w1)f (w2) --- (и) isa symmetric polynomial in w1, w2,... , W 
with integer coefficients, it can be expressed as a polynomial with integer 
coefficients in the elementary symmetric functions іп w1, w2,..., Wt 


and therefore 
F = Қол) Қаз) f(we) 
is an integer. 


Taking the product over m = 1,2,...,t, (1) gives 22n F = kt or 22? 4F = 
kZ . It follows that 2% divides ko. 


It now suffices to prove that ko < 29. 
Note that Q(—1) = 1. 
It follows that 
Q(x) = (z + 1)c(z) + 1, 

where c(x) is a polynomial with integer coefficients. 
Hence 

(x + 1)?" (c(z))^" = (Q(x) — 1)” = Q(z) d(x) + 1, (2) 
for some polynomial d(x) with integer coefficients. 


Also observe that, for any fixed m, 
weite. 


Thus 
(1 +wm)(1 wa): (1 wA )-R(-1)22, 


and writing 


Ltw = (14+m)(1—wm +02, 5 cum кы} 
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we find that for some polynomial h(x), independent of m, with integer 


coefficients such that 
Ess ile =o, 


But then (z + 1)h(z) — 2 is divisible by x’ + 1 and hence we can write 
(z + 1)h(z) = 2 + (х* + 1)u(z), 


for some polynomial u(z) with integer coefficients. 


Raising both sides to the power q we obtain 
(z + 1)°"(h(x))? = 24 + (zt + 1)v(z), (3) 


where v(x) is a polynomial with integer coefficients. 
Using (2) and (3) we obtain 


that is, 
24 = fi(z)(z + 1)?” + 91 (z)(z2" + 1), 


where №, (х) and gı(x) are polynomials with integer coefficients. 
Hence ko < 2, as desired. 


Our proof is thus complete. 


Problem 94 [USAMO 1998 proposal, Kiran Kedlaya] 


Let x be a positive real number. 


(a) Prove that 


(b) Prove that 
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Solution 94 


We use infinite telescoping sums to solve the problem. 


(a) Equivalently, we have to show that 


oo 


nia _1 
2- nit +1) (z + n) шн 
Note that 
x u 1 1 
(x+n) n т+п 
It follows that 
т\т 
п(х + 1):: (zx + n) 
(n — 1)! n! 


"(z-l--e(ztn—10D  (z41)--(z4ny 
and this telescoping summation yields the desired result. 
(b) Let 


Ens (n — 1)! 
Roe st. те. 


Then, by (a), f(x) < - 


In particular, f(x) converges to 0 as z approaches co, so we can 
write f as an infinite telescoping series 


=) `[f(z +k — 1) — f(z + k)]. (1) 
k=1 


On the other hand, the result in (a) gives 


= (n — 1)! 1 1 
fs-0-f&) = Van o urac a sa) 


n=1 


u (n — 1)! 
u аа (х + n) 
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Substituting the last equation to (1) gives 
Ка) = 175 
Е = (z + k)?’ 


as desired. 


Problem 95 [Romania 1996] 
Let n > 3 be an integer, and let 


X C S= {1,2,... n°} 


be a set of 3n? elements. 


Prove that one can find nine distinct numbers a;, bi, c, (i = 1, 2,3) in X 
such that the system 


aıt+bıy+cız = 0 
ах + bəy +cəoz = 0 
азх + bzy +c3z = 0 


has a solution (xo, yo, zo) in nonzero integers. 


Solution 95 
Label the elements of X in increasing order x; < ··· < 23,2, and put 


Х1 = КН 
X2 = (en: I , опа), 
Хз = { 222241, ... ; T3n2 ]- 


Define the function f : Ху x Хә x Хз — S x 5 as follows: 
f(a,b,c) = (b а, c — Б). 


The domain of f contains n elements. 


The range of f, on the other hand, is contained in the subset of S x S 
of pairs whose sum is at most n?, a set of cardinality 


"3-1 3/23 6 
n'(n—1) n 

k = — P —, 
> 9 ap 


By the Pigeonhole Principle, some three triples (а;, b;,c,) ( = 1, 2, 3) 
map to the same pair, in which case < = bi - c1, Y = с — Q1, Z = а -bı 
is a solution in nonzero integers. 
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Note that a; cannot equal b; since Xi and X» are disjoint, and that 
a, = az implies that the triples (aı,bı,cı) and (а2, 62, сг) are identical, 
a contradiction. 

Hence the nine numbers chosen are indeed distinct. 


Problem 96 [Xuanguo Huang] 


Let n > З be an integer and let £1, 22,---,2n be positive real numbers. 
Suppose that 
т 
1 
eg 
ii t" 


Prove that 


m+ m+ + (а (Tet ete te) 


m 


Solution 96 


By symmetry, we may assume that 21 < r9 € ::: < £n. We have the 
following lemma. 


Lemma For 1 < ¿ < 7 < n, 


we have 
1 1 2d x T4 


[eo a ан БЕ 
1 + 2; 1+2; (1 + z;)(1 + z;) 


or 
1 + rz; + z; + z;z; > 2 + T; + z;. 


It follows that z;z; > 1. Thus 


VE; М vm(ltr;)- vU + 21) 
1+2; 1+2; (1 + 2;)(1+2;) 


(3/2: — VTi) — /Z;Z;) 
(1 + r;)(1 + T) 


IV 
© 
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as desired. go 


By the lemma, we have 


1 + 51 1 + х2 1 + z, 
and, since 
1 1 1 
ELI UE СС. 
Ii /:27 Vz. 


it follows by the Chebyshev Inequality 


10 1 ^ 1 
Dare E na) Ing Y) 


By the Cauchy-Schwartz Inequality, we have 


Or 


which in turn implies the desired inequality. 
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Problem 97 
Let z1, £2,..., £n be distinct real numbers. 


Define the polynomials 
P(x) = (z — zi)(z — z2): (£ — Tn) 


and 


Q(z) = Pia) ( -— MM NER: В 


7-21 1-70 Жүма e 
Let 91,/2,...,Уһ-і be the roots of С). 


Show that, 
min z — т, < min |y; ~ jl. 


Solution 97 


By symmetry, we may assume that 
d = min |y; — yj| = Y2 — Yı. 
1%] 


Let sk = у — хр, fork = 1, 2,..., п. 

Ву symmetry, we may also assume that 81 < s> < --- < Sn, le, ту > 
т> +++ Za. 

For the sake of contradiction, assume that 


ше нин ee ey Ine ae (1) 


Since P has no double roots, it shares none with Q. 
Then 


1 1 
Yi — 71 Yi — T2 Yi — Tn 


or 
1 1 1 


esp 
Ууз Ti 3Wi-22 Yi — In 
In particular, setting? = 1 and i = 2 gives 


— 1 — 1 
— > еб (2) 


8 
тан k 


We claim that there is а k such that ө,(8, + d) < 0, otherwise, we have 


_—1 „1 
std sk 
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for all k, which in turn implies that 


n n 


1 1 
УЗ жет 2 


which contradicts (2). 


Let j be the number of ks such that s,(s,+d) < 0, that is, в, < 0 < sk +d. 
A simple but critical fact is that sk + d and sk+; have the same sign. In 
fact, suppose that 


SC ET HS «U€ ET ^X Su 
then 
Sstd<::-<s,t+d<0<84,+d<:--<s,4d. 


Then sk+; > 0 if and only if k > i+ 1, that is sx + d > 0. 


From (1), we obtain sk + d € s,4,, and, since sk + d and s,4, have the 
same sign, we obtain 


1 5 E 
Sk+d зк; 
for all k = 1,2,:::,n — J. Therefore, 


Or 


Also note that 


711 2 1 
e. > а-ға (4) 


Adding (3) and (4) yields 


1 n 
» a 


k=1 


which contradicts (2). 


Thus our assumption is wrong and our proof is complete. 
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Problem 98 [Romania 1998] 


Show that for any positive integer n, the polynomial 
Р(х) = (22 +2)?" +1 


cannot be written as the product of two non-constant polynomials with 
integer coefficients. 

Solution 98 

Note that f(x) = g(h(z)), where h(x) = 22 + z and g(y) = y? +1. 


Since 


k=1 


ы-і +17 (> (v) +2, 


апа et ) is even for 1 < k < 2" — 1, g is irreducible, by Eisenstein's 
criterion. 

Now let p be a non-constant factor of f, and let r be a root of p. 

Then g(h(r)) = f(r) = 0, so s := Қт) is a root of g. 

Since s = r? +r € Q(r), we have Q(s) C Q(r), so 


deg p > deg(Q(r)/Q) > deg(Q(s)/Q) = deg g = 2". 


Thus every factor of f has degree at least 2". 


Therefore, if f is reducible, we can write f(x) = A(r)B(r) where A and 
B have degree 2". 


Next, observe that 


Ға) = (а? 4+2)* +1 


or+l 


= g” +r” ре (агар)? (mod 2). 


Since z^ + x + 1 is irreducible in Z2[z], by unique factorization we must 
have 


A(x) = B(x) = (z? + z + p = 12° pa +1 (mod 2). 
Thus, if we write 


A(z) = agr? +... + ag, 
B(z) 


| 
[чь 
№ 
a 
R 
TS 
ES 
e 
T 


then azn, 424-1, Go, bon, 054-1, bo are odd and all the other coefficients 
are even. Since f is monic, we may assume without loss of generality 
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that agn = bon = 1; also, aobo = f(0) = 1, but ao > 0, bo > 0 as f has 
no real roots, so ao = bo = 1. 


Therefore. 


([r2 *2 7] + [s ` ])(g(z)h(z)) 


2" 2 
| p» 1) + 8 Ajbgn-1_; 


27-1 1—0 


= azn D24-1 + Agn-1b9n + QAodan-ı + Gən-1bo 
= 2(azn-1 +ban-ı)=0 (mod 4) 


as азһ-1 + боһ-і is even. 


But 
7] e pate = Ga) 72i i). 


and (211) is odd by Lucas's theorem, so 


(a? +?" ^] + fx?" J) (f(z)) =2 (mod 4), 


a contradiction. 


Hence f is irreducible. 


Problem 99 [Iran 1998] 
Let fi, fo, fa : R — R be functions such that 


a1 fı + a2f2 + aafa 


is monotonic for all a1,a2,a3 € R. 


Prove that there exist c1, c2, c3 € R, not all zero, such that 


ci fi (z) + со f(x) + esfs(x) = 0 
for all z € R. 
Solution 99, Alternative 1 


We establish the following lemma. 


Lemma: Let f,g : R — R be functions such that f is nonconstant and 
af + bg is monotonic for all a,b € R. Then there exists c € R such that 
g — cf isa constant function. 


Proof. Let s,t be two real numbers such that f(s) Z f(t). 
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Let 
1- 36) - 9%) 
f(s) - f(t) 
Let h, = g — dı f for some d, Є R. 


Then hı is monotonic. But 
hı(s) — hi(t) = g(s) — g(t) - dı (f(s) — f(t)) = (f(s) — f(t))(u — di). 


Since f(s) — f(t) Æ 0 is fixed, the monotonicity of hı depends only on 
the sign of u — di. 


Since f is nonconstant, there exist 71,22 € R such that /(т1) Z f(x>). 
^ „_ Ka) — (2) 

f(z1) — f (zo) 
and h = g — cf. 
Then r = h(z1) = h(z2) and the monotonicity of hı = g — dif, for each 
di, depends only on the sign of c — dj. 
We claim that h = g — cf is a constant function. 
We prove our claim by contradiction. 
Suppose, on the contrary, that there exists zs Є R such that М(тз) Z r. 
Since f(z1) Z f(x2), at least one of f(z1) £ Каз) and f(z>) Z f(zas) is 
true. 
Without loss of generality, suppose that f(x1) Z f(za). 


Let 
"NN g(z1) — g(13) 


2 Јал) - Баз) 
Then the monotonicity of h, also depends only on the sign of c' — dı. 
Since h(z3) Z r = М1), 


„u a) — 923) _ y 
Ка) files) 


hence c — di с — di. 
So there exists some а; such that hı is both strictly increasing and de- 
creasing, which is impossible. 


Therefore our assumption is false and h is a constant function. О 
Now we prove our main result. 
If fi, f2, f3 are all constant functions, the result is trivial. 


Without loss of generality, suppose that f, is nonconstant. 
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For аз = 0, we apply the lemma to fı and f2, so fa = сђ +d; for аз = 0, 
we apply the lemma to fı and fs, so fs = c fi +d’. 


Here c, c’, d, d’ are constant. 
We have 


(са- са’) fy + d' fo = df 3 = (dd — cd’) f) + а (сў) + d) = d(c fi +4) =: Ü. 
If (са — cd’,d’, —d) Z (0,0,0), then let 
(ст, со, сз) = (Cd — cd',d', —d) 


and we are done. 
Otherwise, d = d' = 0 and fo, fs are constant multiples of fı. 


Then the problem is again trivial. 


Solution 99, Alternative 2 
Define the vector 

u(x) = (fa(z), (х), fs (z)) 
for z € R. 


If the v(x) span a proper subspace of R?, we can find a vector (c1, c2, c3) 
orthogonal to that subspace, and then c; f(z) + c2 f2(x) + ca fs(x) = 0 
for all z € R. 


So suppose the v(x) span all of R°. 


Then there exist 21 < 72 < хз Є R such that v(zi), v(z2), v(za3) are 
linearly independent, and so the 3 x З matrix A with А;; = f;(z;) has 
linearly independent rows. 


But then A is invertible, and its columns also span Rš. 


This means we can find cj, Ca, сз such that 


> eni), fio), fa(za)) = (0, 1,0), 


1-1 


and the function c; / +c2 f2 +cs f3 is then not monotonic, a contradiction. 
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Problem 100 [USAMO 1999 proposal, Richard Stong] 


Let 21,22,...,2n be variables, and let y1,92,...,y2» 1 be the sums of 
nonempty subsets of т;. 


Let pk(£1,..., £n) be the k'^ elementary symmetric polynomial in 
the y; (the sum of every product of k distinct y;'s). 

For which k and n is every coefficient of рь (as a polynomial in xı,...,£n) 
even? 


For example, if n = 2, then у, yo, y3 are z1,22, £1 + х2 and 


pı = у + у2 + уз = 221 + 222, 
рә = yiya + узуз + узу = T] + T3 + 37122, 
рз = yıyaya = Z1Z2 + 2325. 
Solution 100 
We say a polynomial pk is even if every coefficient of pk is even. 
Otherwise, we say pk is not even. 


For any fixed positive integer n, we say a nonnegative integer k is bad 
for n if k = 2” — 22 for some nonnegative integer 7. 


We will show by induction on n that р,(21,22,:::,7,) is not even if and 
only if k is bad for n. 


For n = 1, pi(zi) = 71 is not even and k = 1 is bad for n = 1 as 
К = 1 = 21 20 — 9" _ 90. 
Suppose that the claim is true for a certain т. 
We now consider рь (21, z2,..., 2541). 
Let or (yı,Y2,...,Ys) be the КЗ elementary symmetric polynomial. 
We have the following useful, but easy to prove, facts: 
1. ex(yi 92:950) = ex(y1 92; Vs): 
2. For all 1 < r < s, 


Ok(U1,...,1Us) = >` Ici(y1,:::gr)8 (9e 0); 
i+j=k 


3. с,(2--01,2--%,...,2--%.) 


= »» (z + )(Z + ya): (x Yir) 


11<12<:е<<% 
9 k—r 
= у > ) Ysı Us» wor Us. t 
11<%2<--<%т-0 81<582<-% <s, 


(ai ‘ Sr} C{i1, : ir} 
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k 
S—T Ls 
= ( Е Jen. n | 
=0 


К-т 
> 
Hence 
DEI ta del) 
= > Ipi(z1, ^7 va): 
t+j=k 
go Du Ti + In+l,''', Tı “ae asss 2+1) 
j 
п т en 
DEN er 
i+7=k r=0 J 
By the induction hypothesis, every term of p, (21,22: :',X%n) is even un- 


less r = 2" — 2%, for some 0 < t < n. 


For such r, note that 


is even unless j — r = 0 or j — r = 2. 


Therefore, taking coefficients modulo 2, 


Dk[Z1,Z2,::'', n41) 
= 2 р:(21, 22,02: а )D; (tg; 22,00 Tn) 
ер 


т 

Е 
F ne (£1, 22,0” , Zn) Ро” —2t (т\, q9,*** pe . 
t=0 


By the induction hypothesis, the terms in the first sum are even unless 
k — 2" = 2" — 2% for some 0 < u € n, that is k = 27+! — 2%. 


In the second sum, every term appears twice except the term 
Prya(tı; 22,227, ©), 


for k even. 
By the induction hypothesis, this term is even unless k/2 = 2” — 2”, for 
some 0 < v < n, that is k = 2"+1 — 2v*1, 


It follows that px(z1,z2,::-z441) is even unless k = 2”+! — 2" for some 
0<ш<тп--1,іе, k is bad for n + 1: 
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Furthermore, note that the odd coefficients in 


Pe (21, T2, = Sd) 


occur for different powers of 2,41. 
Therefore, the condition that k is bad for n + 1 is also sufficient for 


Dk (21, T2, di digi) 


to be odd. 


Our induction is complete. 


Problem 101 [Russia 2000] 


Prove that there exist 10 distinct real numbers a1,22,..., ато such that 
the equation 


(z —ai)(z —a23):-- (z — ало) = (т +aj)(z + аз): (x + aio) 


has exactly 5 different real roots. 


Solution 101 


We show that {а1,а2,...,ало} = (7,6,..., —2) is a group of numbers 
satisfying the conditions given in the problem. 


The given equality becomes 
(z — 2)(z - 1)z(z + 1)(z + 2)g(z^) = 0, 
where 


glu) = 2((7--6-------9)2-- 
(7:6-5+7-6-4+---+5-4-3)u+7-6---3]. 


If g(u) = has no real solutions, then g(x?) = 0 has no real solutions. 


If u; and uz are real solutions of g(u) = 0, then ui +u2 < 0 and ши? > 0, 
that is, both u] and из are negative. 


It follows again that g(x?) = 0 has no real solutions. 


Our proof is complete. 


GLOSSARY 


Arithmetic-Geometric Mean Inequality (AM-GM Inequality) 


If aı,a2,...,Qa„ are n nonnegative numbers, then 


1 
„(a +а2 +: + an) > (aiaz: an)" 


with equality if and only ifa, = a2 = ··· = a4. 


Binomial Coefficient 


The coefficient of x* in the expansion of (z + 1)” is 


OE 


Cauchy-Schwarz Inequality 


For any real numbers аі, a2,..., an, and b1, b2,..., bn 
(a? +a3 +... + а2)(0 +03 +... +002) > (a1b +azb2 +--+ asb,)2 
with equality if and only if a; and b; are proportional, i = 1, 2,...,п. 


Chebyshev Inequality 


1. Let 71,22...,7, and yi, y2, ..., y» be two sequences of real num- 
bers, such that xı < 22 € ::: < £n and yı < ya < ... < Yn. 
Then 


1 
zu +22 +: +5.) (у +Y +: + у) € 10у 002: T Xy. 


2. Let 71,72...,т, and yi, y, ..., y, be two sequences of real num- 
bers, such that xı > 22 > ::: > z, and yı > у >... > ys. 
Then 


1 
„(a +22 + +2n)(yı ву +: +Yn) > сууу T Z72172 ++ EnYn. 
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De Moivre’s Formula 


For any angle a and for any integer n, 


(cosa + isina)” = cos no + ¿sin по. 


Elementary Symmetric Polynomials (Functions) 


Given indeterminates 21, ..., Zn, the elementary symmetric functions 
$1,...,$4 are defined by the relation (in another indeterminate t) 


(L+ zi): '(t+ z.) =t qas t" 4 + Snit + Sn. 


That is, są is the sum of the products of the z, taken k at a time. It 
is a basic result that every symmetric polynomial in z1,..., £n can be 
(uniquely) expressed as a polynomial in the s;, and vice versa. 
Fibonacci Numbers 

Sequence defined recursively by Fy = Fo = 1, ро = Бр + Fn, for all 
n € N. 

Jensen’s Inequality 


If f is concave up on an interval |а, b] and A1, A2, ..., А, are nonnegative 
numbers with sum equal to 1, then 


Aif (21) + A2f(z2) +--+: +Anf(tn) 2 f(A121 + A222 +: + Ann) 


for апу 71,72,...,2, in the interval [a,b]. If the function is concave 
down, the inequality is reversed. 


Lagrange’s Interpolation Formula 


Let 20,21,...,2, be distinct real numbers, and let yo,Yı,:--.,%n be ar- 
bitrary real numbers. Then there exists a unique polynomial P(x) of 
degree at most n such that P(z;) = yi, 1 = 0,1,...,n. This is the 
polynomial given by 


— + (£ — Ti—1)(T — +1) (Z — In) 
Yu i — Zo) I OD UNI a BES PER 


Law of Cosines 


Let ABC be a triangle. Then 
BC? = AB? + AC? — 2AB - AC cos A. 
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Lucas’ Theorem 
Let p be a prime; let a and b be two positive integers such that 
a = agp’ + ak ip^ "+: -aip + ao, b = bp by ip 1 +---bip + bo, 
where 0 < а;, 6; < p are integers for 1 =0,1,...,k. Then 
a ak V (Ak-ı ал \ [ао 
= zr d p). 

0) =) 0) COS) i 
Pigeonhole Principle 
If n objects are distributed among k < n boxes, some box contains at 
least two objects. 
Root Mean Square-Arithmetic Mean Inequality (RMS-AM In- 


equality) 


For positive numbers 21, 22,...,2n; 


тї tage tae S Zi Z2 t tm 


n n 
More generally, let ај, a2,...,@, be any positive numbers for which a; + 
02 +: + ал = 1. For positive numbers z1, £2,..., £n we define 
M- = min(zi, z2,..., tk], 
Mæ = max{zx1, T2;..., Zk), 


— >G1 yG2 An 
Мо um qs p. 


M; (ат! + а225 u + акт )!/*, 
where t is a non-zero real number. Then 


for s < t. 
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Triangle Inequality 


Let z = a + bi be a complex number. Define the absolute value of z to 


be 
|2| = Va? + 02. 


Let а and 8 be two complex numbers. The inequality 
le + 8| € la| + |8] 


is called the triangle inequality. 


Let a = а Розі and B = 2, + 821, where aj, ao, £1, 82 are real numbers. 
Then o + 8 = (a; + 01) + (a2 + 09221. 


Vectors u = [01,02], у = [1,92], and w = |o: + Bi,o2 + 82] form a 
triangle with sides lengths |a], |8|, and |a + £l. 


The triangle inequality restates the fact that the length of any side of a 
triangle is less than the sum of the lengths of the other two sides. 


Vieta's Theorem 
Let 71,72,..., Т, be the roots of polynomial 
Р(х) = anz” + аһ-12% l +... + arz + ao. 


where a, # 0 and ao,aj,...,a, € C. Let зк be the sum of the products 
of the z; taken k at a time. Then 


а 
Sk = (71525, 


An 
that is, 
Qn-1. 
Epsum о ge! Oa ) 
An 
An—2, 
tity T 1:1; + In-1Tn = ) 
An 
ao 
= TL 
2122::: Ly = (—1)”— 
An 


Trigonometric Identities 


sin? а + cos? a = 1, 
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addition and subtraction formulas: 


sin(a + b) = sina cosb + сова sin b, 
cos(a + b) = cosa cos b F sina sin b, 
tana +tanb ` 


t +b) = —— ° 
p 1 T tanatanb' 


double-angle formulas: 


sin 2a = 2sina cosa, 


2 2 


cos 2a = cos? a — sin? a = 2cos?a — 1 = 1 — 2sin2 a, 
2tana 


tan 2a = ———— ə O?. 
1 — tan? a’ 


triple-angle formulas: 


sin За = 3sina — 4sin? a, 
cos За = 4cos? a — 3cosa, 
3 tana — ап? а 


tan За = ———Ñ—— 
1-3tan?a ’ 


half-angle formulas: 


~~ 


vie hole МІБ 


sum-to-product formulas: 


b —b 
sina + sin b = 2sin = cos = 2 
b —b 
cosa + cos b = 2 cos — COS > 
i b 
tana + tanb = ша. 
cos a cos b 
difference-to-product formulas: 
a+b 


5 7 . а— 
sina — sinb = 2sin 
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. a—b . a+b 

cosa — cosb = —2sin sin "E 
sin(a — b 
aan дас h 
COS a cos b 


product-to-sum formulas: 


2sinacosb = sin(a + b) + sin(a — b), 
2 cos a cos b = cos(a + b) + cos(a — b), 


2sinasinb = — cos(a + b) + cos(a — b). 


Glossary 


10. 


11. 


12. 


13. 


FURTHER READING 


. Andreescu, T. Kedlaya, K.; Zeitz, P., Mathematical Contests 


1995-1996: Olympiad Problems from around the World, with 
Solutions, American Mathematics Competitions, 1997. 


. Andreescu, T. Kedlaya, K., Mathematical Contests 1996-1997: 


Olympiad Problems from around the World, with Solutions, 
American Mathematics Competitions, 1998. 


. Andreescu, T. Kedlaya, K., Mathematical Contests 1997-1998: 


Olympiad Problems from around the World, with Solutions, 
American Mathematics Competitions, 1999. 


. Andreescu, T. Feng, Z., Mathematical Olympiads: Problems and 


Solutions from around the World, 1998-1999, Mathematical 
Association of America, 2000. 


. Andreescu, T. Gelca, R., Mathematical Olympiad Challenges, 


Birkhäuser, 2000. 


. Barbeau, E., Polynomials, Springer-Verlag, 1989. 


. Beckenbach, E. F., Bellman, R., An Introduction to Inequalities, 


New Mathematical Library, Vol. 3, Mathematical Association of 
America, 1961. 


. Chinn, W. G., Steenrod, N. E., First Concepts of Topology, New 


Mathematical Library, Vol. 27, Random House, 1966. 


. Cofman, J., What to Solve?, Oxford Science Publications, 1990. 


Coxeter, H. S. M., Greitzer, S. L., Geometry Revisited, New 
Mathematical Library, Vol. 19, Mathematical Association of 
America, 1967. 


Doob, M., The Canadian Mathematical Olympiad 1969-1993, 
University of Toronto Press, 1993. 


Engel, A., Problem-Solving Strategies, Problem Books in 
Mathematics, Springer, 1998. 


Fomin, D., Kirichenko, A., Leningrad Mathematical Olympiads 
1987-1991, MathPro Press, 1994. 


138 


14 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
27. 
28. 
29. 


Further Reading 


Fomin, D., Genkin, S., Itenberg, I., Mathematical Circles, 
American Mathematical Society, 1996. 


Graham, R. L., Knuth, D. E., Patashnik, O., Concrete 
Mathematics, Addison-Wesley, 1989. 


Greitzer, S. L., International Mathematical Olympiads, 1959-1977, 
New Mathematical Library, Vol. 27, Mathematical Association of 
America, 1978. 


Grossman, I., Magnus, W., Groups and Their Graphs, New 
Mathematical Library, Vol. 14, Mathematical Association of 
America, 1964. 


Kazarinoff, N. D., Geometric Inequalities, New Mathematical 
Library, Vol. 4, Random House, 1961. 


Klamkin, M., International Mathematical Olympiads, 1978-1985, 
New Mathematical Library, Vol. 31, Mathematical Association of 
America, 1986. 


Klamkin, M., USA Mathematical Olympiads, 1972-1986, New 
Mathematical Library, Vol. 33, Mathematical Association of 
America, 1988. 


Kürschäk, J., Hungarian Problem Book, Volumes I & II, New 
Mathematical Library, Vols. 11 & 12, Mathematical Association of 
America, 1967. 


Kuczma, M., 144 Problems of the Austrian-Polish Mathematics 
Competition 1978-1993, The Academic Distribution Center, 1994. 


Larson, L. C., Problem-Solving Through Problems, Springer-Verlag, 
1983. 


Lausch, H., Bosch Giral, C., Тһе Asian Pacific Mathematics Olym- 
piad 1989-2000, AMT Publishing, Canberra, 2001. 


Liu, A., Chinese Mathematics Competitions and Olympiads 
1981-1993, AMT Publishing, Canberra, 1998. 


Lozansky, E., Rousseau, C. Winning Solutions, Springer, 1996. 
Ore, O., Graphs and their uses, Random House, 1963. 
Ore, O., Invitation to number theory, Random House, 1967. 


Sharygin, I. F., Problems in Plane Geometry, Mir, Moscow, 1988. 


Further Reading 139 


30 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 
43. 
44. 


45. 


46. 


47. 


Sharygin, I. F., Problems in Solid Geometry, Mir, Moscow, 1986. 


Shklarsky, D. O, Chentzov, N. N; Yaglom, I. M., The USSR 
Olympiad Problem Book, Freeman, 1962. 


Slinko, A., USSR Mathematical Olympiads 1989-1992, AMT 
Publishing, Canberra, 1997. 


Soifer, A., Colorado Mathematical Olympiad: The first ten years, 
Center for excellence in mathematics education, 1994. 


Szekely, G. J., Contests in Higher Mathematics, Springer- Verlag, 
1996. 


Stanley, R. P., Enumerative Combinatorics, Cambridge University 
Press, 1997. 


Taylor, P. J., Tournament of Towns 1980-1984, AMT Publishing, 
Canberra, 1993. 


Taylor, P. J., Tournament of Towns 1984-1989, AMT Publishing, 
Canberra, 1992. 


Taylor, P. J., Tournament of Towns 1989-1993, AMT Publishing, 
Canberra, 1994. 


Taylor, P. J., Storozhev, A., Tournament of Towns 1993-1997, 
AMT Publishing, Canberra, 1998. 


Tomescu, I., Problems in Combinatorics and Graph Theory, Wiley, 
1985. 


Vanden Eynden, C., Elementary Number Theory, McGraw-Hill, 
1987. 


Wilf, H. S., Generatingfunctionology, Academic Press, 1994. 
Wilson, R., Introduction to graph theory, Academic Press, 1972. 


Yaglom , I. M., Geometric Transformations, New Mathematical 
Library, Vol. 8, Random House, 1962. 


Yaglom , I. M., Geometric Transformations II, New Mathematical 
Library, Vol. 21, Random House, 1968. 


Yaglom , I. M., Geometric Transformations III, New Mathematical 
Library, Vol. 24, Random House, 1973. 


Zeitz, P., The Art and Craft of Problem Solving, John Wiley & 
Sons, 1999. 


THE AUSTRALIAN MATHEMATICS TRUST 


ENRICHMENT SERIES 


Titu Andreescu is 
Director of the 
American 
Mathematics 
Competitions, 
serves as Head 
Coach of the USA 
w International 
- Mathematical 
Olympiad {IMO) 
Team, is Chair of the USA Mathematical 
Olympiad Committee, and is Director of the 
USA Mathematical Olympiad Summer 
Program. Originally from Romania, Prof. 
Andreescu received the Distinguished 
Professor Award from the Romanian 
Ministry of Education in 1983, then after 
moving to the USA was awarded the Edyth 
May Shffe Award for Distinguished High 
School Mathematics Teaching from the 
MAA in 1994. In addition, he received a 
Certificate of Appreciation presented by the 
President of the MAA for "his outstanding 
service as coach of the USA Mathematical 
Olympiad Program in preparing the USA 
team for its perfect performance in Hong 
Kong al the 1994 IMO”. 


Zuming Feng 
graduated with a 
PhD from Johns 
Hopkins University 
with an emphasis 
on Algebraic 
Number Theory 
and Elliptic 
Curves. He teaches 
at Phillips Exeter 
Academy. He also serves as a coach of the 
USA International Mathematical Olympiad 
(IMO) Team, is a member of the USA 
Mathematical Olympiad Committee, and is 
an assistant director of the USA 
Mathematical Olympiad Summer Program. 
He received the Edyth May Sliffe Award for 
Distinguished High School Mathematics 
Teaching from the-MAA in 1996. 


ISBN 1 876420 12 X 


